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Abstract

A 0-1 matrix is an integer matrix in which each entry is either 0 or 1. The complement
matrix of a 0-1 matrix A is defined by J-A, where ] is the matrix in which each entry is 1.
Rank of a matrix is a fundamental concept in linear algebra, which measures the
maximum number of linear independent rows or columns in a matrix. We give a
complete characterization of those rectangular 0-1 matrices A for which the sum of the
rank of A and the rank of J-Ais 1, 2 and 3. The symmetric case can also be deduced.
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1. INTRODUCTION

A 0-1 matrix is an integer matrix with each entry being 0 or 1. 0-1 matrices are closely related
to combinatorial mathematics and graph theory [1-4]. They also have wide applications in
probability and statistics [5-8].

Let A be an MXN (-1 matrix. The complement matrix of A is defined and denoted by

c _ —
A"= A, where 3™ is the MXN matrix with each entry being 1. Clearly the

complement of a 0-1 matrix is also a 0-1 matrix. It is easy to see that A and A® are mutually
complementary, i.e., (A%)° = A

The rank of a matrix is defined as its maximum number of linear independent rows or
columns. Denote by F(A) the rank of a matrix A.In [9], the authors investigated the rank
relations between a 0-1 matrix and its complement. They showed that there existsan MxN (-

1matrix A with "(A)+ r(A%) =k if and only if I<sk<2min{m,n} 1, this paper, we describe

F(A)+r(A%) =k for a given K. we give a complete

those MXN (-1 matrices A satisfying
characterization of them when k :1’2’3. Then we can deduce the characterization of A in the

symmetric case.
2. MAIN RESULTS

O : : :
Denote by ~™" the MXN zero matrix. First we characterize the easy case when
r(A)+r(A°) =1
‘Jm

n

Theorem 1. Let A be an MXN 0.1 matrix. Then "A)+T(A)=1 i 4pq only if A=

or Omv" .
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Proof. If A=Jdnn or Omv“, then r(A)+r(A°):1_ If r(A)+r(A°):1’ then r(A) - 1 or O.

A" =0y, and thus A= va". When r(A) =0, A=Om'n. This

When r(A) =1, r(A) =0. Then
completes the proof. []

A permutation matrix is a square matrix in which every row and every column contains a
single 1 and all other entries are 0’s. Two square matrices X and Y are said to be

permutation equivalent if there exist permutation matrices P and Q such that PXQ=Y

The following result characterizes the case when F(A)+r (A7) = 2

Theorem 2. Let A be an MxN (-1 matrix. Then "A+MA)=2 4¢ 4 only if A is
J

r.n

permutation equivalent to [Om”l with 0<r<m o [‘]m's O’“’H] with 0<s<n,
J

r.n

Proof. If A is permutation equivalent to {Om‘“”} with 0<r<m o [‘]m,s Om'"*S] with
0<S<N then r(A)+r(A°)=1+1=2 r(A)”(AC):Z,then r(A)=r(A)=1 . a be any

= = = = O
nonzero row of A. Since "(A) 1, eachrow # of A iseither equalto & orequalto .
Note that permutation equivalent does not change the rank of a matrix. Without loss of

generality, assume that the first I rowsof A are equalto @, and the first S entries of &

are 1’s, i.e,,
A JI’,S Or,n—s
o 0

m-r,s m-r,n-s

r<m,s=n r m,s<n_lf r=m,s n’then m,n

where r,s>0_ We assert that
r(A)+r(A%) =1

or

, which is a contraction. If r<ms< n, then

OI‘ S JI’ n-s
AC — ’ ’
J J

m-r,s m-r,n—s

and thus

(2)

cy _
r(A)=2 ,which is a contradiction. Therefore

and thus "(A)+ r(A")=3

either A has ' rows in which each entry is 1 and all other entries are 0’s with O<r< M or

Itis easy to see that

A has S columns in which each entry is 1 and all other entries are 0’s with 0<S<nN_ This
completes the proof. []

Next we characterize the case when r(A)+r(A") =3 )

Theorem 3.Let A bean MXN 0-1 matrix. Then "M +T(A)=3 jranq onlyif A or
J O

r,s r,n—s
| o O,y O } |
A® is permutation equivalent to { mors “mornss |owith 0<r<m gpd O<s<n,

J O

r,s r,n—-s
. . : O O } .
Proof. If A or A° is permutation equivalent to { mors  “mernss |owith 0<r<m gpg

0<S<N  then r(A)+r(A")=1+2=3 ¢ r(A)+r(A°)=3  then r(A)=1r(A)=2 .
r(A)=2r(A")=1
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r(A)=1

When F(A) :1, let @ be any nonzero row of A. Since , each row B oof A s

. @) : : ,
eitherequalto @ orequalto ~'".Withoutloss of generality, assume that the first ' rows of
A are equal to @, and the first S entries of & are 1’s,i.e,

J r,s Or n-s
Al o
m-r,s m-r,n—s (3)
where M5>0  We assert that F<M and S<n, Otherwise, =M or S=N implies
r(A)+r(A%) < 2, which is a contraction.

cy _
When r(A)—l’ similar arguments show that A® s permutation equivalent to

|: JF,S Or,n—s

On-rs Om"“j with 0<r<m and 0<S<N_ This completes the proof. (]

As a basic kind of matrices, symmetric matrices are very common in matrix theory, and
symmetric 0-1 matrices are closely related to graphs. Finally we consider the symmetric case.

By Theorem 1, we can easily deduce the case when A isa symmetric 0-1 matrix of order N

satisfying r(A)+r(A)=1

Corollary 4.Let A beasymmetric 0-1 matrixof order N.Then r(A)+r(A%) =1

A:‘]nn Onn
©oor T

ifand only
if

By Theorem 2, if a 0-1 matrix A of order N satisfying r(A)+r(A ):2, then A is
J

r,n

. . 0 } | | .
permutation equivalent to [ mrn ] with 0<r<m o l‘]m's O""”‘SJ with 0<S<nN which

implies that A is not symmetric. Thus we have the following corollary.

Corollary 5. Let A be a symmetric 0-1 matrix of order N.Then r(A)+r(A%) = 2,

Two square matrices X and Y are said to be permutation similar if there exists a

permutation matrix P suchthat PXP" =Y By Theorem 3, we can deduce the case when A
is a symmetric 0-1 matrix of order N satisfying r(A)+r(A7)=3 .

Corollary 6. Let A be a symmetric 0-1 matrix of order N.Then r(A)+r(A%)=3 ifand
J @)

r,r r,n-r

: : . . O, O } .
only if A or A° is permutation similar to { n-rr Snerner | owith 0<r<in

Proof. When A isa square 0-1 matrix of order N, by Theorem 3, there exist permutation
J 0)

matrices P and Q such that PAQ or PA'Q has the form {O”‘r's O”‘r'”‘j with

_pT ¢
0<r,s<n gince A s symmetric, we have '=S and Q=P Thus PAP' or PA°PT has
J @)

r,r r,n—r

the form {O”” O"”‘J with O0<T <N This completes the proof. ]

3. CONCLUSIONS
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There have been some research results on the rank relations between a 0-1 matrix and its
complement matrix. And the possible values of the sum of the rank of a 0-1 matrix and the rank
of its complement matrix have been given. In this paper, we further investigate the structure of

r(A)+r(A°) =k

those 0-1 matrices A satisfying . We solve the problem in the cases when

k=1'2’3. And we also deduce the structure of symmetric 0-1 matrices A satisfying
r(A)+r(A°) =k for K=13
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