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Abstract 

A 0-1 matrix is an integer matrix in which each entry is either 0 or 1. The complement 
matrix of a 0-1 matrix A is defined by J-A, where J is the matrix in which each entry is 1. 
Rank of a matrix is a fundamental concept in linear algebra, which measures the 
maximum number of linear independent rows or columns in a matrix. We give a 
complete characterization of those rectangular 0-1 matrices A for which the sum of the 
rank of A and the rank of J-A is 1, 2 and 3. The symmetric case can also be deduced. 
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1. INTRODUCTION 

A 0-1 matrix is an integer matrix with each entry being 0 or 1. 0-1 matrices are closely related 
to combinatorial mathematics and graph theory [1-4]. They also have wide applications in 
probability and statistics [5-8]. 

Let A  be an nm  0-1 matrix. The complement matrix of A  is defined and denoted by 

AJA nm

c −= ,    where nmJ ,   is the nm   matrix with each entry being 1. Clearly the 

complement of a 0-1 matrix is also a 0-1 matrix. It is easy to see that A  and 
cA  are mutually 

complementary  i.e.  AA cc =)( . 

The rank of a matrix is defined as its maximum number of linear independent rows or 

columns. Denote by )(Ar  the rank of a matrix A . In [9]  the authors investigated the rank 
relations between a 0-1 matrix and its complement. They showed that there exists an nm  0-

1 matrix A  with kArAr c =+ )()(  if and only if },min{21 nmk  . In this paper  we describe 

those nm   0-1 matrices A   satisfying kArAr c =+ )()(   for a given k  . ee give a complete 

characterization of them when 3,2,1=k . Then we can deduce the characterization of A  in the 
symmetric case. 

2. MAIN RESULTS 

Denote by nmO ,   the nm   zero matrix. First we characterize the easy case when 

1)()( =+ cArAr .  

Theorem 1. Let A  be an nm  0-1 matrix. Then 1)()( =+ cArAr  if and only if nmJA ,=
 

or nmO , . 
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Proof. If nmJA ,=
  or nmO ,    then 1)()( =+ cArAr  . If 1)()( =+ cArAr    then )(Ar    1 or 0. 

ehen )(Ar   1  )( cAr   0. Then nm

c OA ,=
  and thus nmJA ,=

 . ehen )(Ar   0  nmOA ,=
 . This 

completes the proof.   

A permutation matrix is a square matrix in which every row and every column contains a 

single 1 and all other entries are 0’s. Two square matrices X   and Y   are said to be 

permutation equivalent if there exist permutation matrices P   and Q   such that YPXQ =  . 

The following result characterizes the case when 2)()( =+ cArAr .  

Theorem 2. Let A   be an nm   0-1 matrix. Then 2)()( =+ cArAr   if and only if A   is 

permutation equivalent to 









− nrm

nr

O

J

,

,

 with mr 0  or 
 snmsm OJ −,,  with ns 0 . 

Proof. If A   is permutation equivalent to 









− nrm

nr

O

J

,

,

  with mr 0   or 
 snmsm OJ −,,   with 

ns 0   then 211)()( =+=+ cArAr . If 2)()( =+ cArAr   then 1)()( == cArAr . Let   be any 

nonzero row of A . Since 1)( =Ar   each row   of A  is either equal to   or equal to nO ,1 . 
Note that permutation equivalent does not change the rank of a matrix. eithout loss of 

generality  assume that the first r  rows of A  are equal to    and the first s  entries of   
are 1’s  i.e.   









=

−−−

−

snrmsrm

snrsr

OO

OJ
A

,,

,,

                             (1) 

where 0, sr  . ee assert that nsmr = ,   or nsmr = ,  . If nsmr == ,    then nmJA ,=
 

and thus 1)()( =+ cArAr   which is a contraction. If nsmr  ,   then  









=

−−−

−

snrmsrm

snrsrc

JJ

JO
A

,,

,,

                             (2) 

It is easy to see that 2)( =cAr  and thus 3)()( =+ cArAr   which is a contradiction. Therefore 

either A  has r  rows in which each entry is 1 and all other entries are 0’s with mr 0   or 
A  has s  columns in which each entry is 1 and all other entries are 0’s with ns 0 . This 
completes the proof.  

Next we characterize the case when 3)()( =+ cArAr . 

Theorem 3. Let A  be an nm  0-1 matrix. Then 3)()( =+ cArAr  if and only if A  or 

cA  is permutation equivalent to 









−−−

−

snrmsrm

snrsr

OO

OJ

,,

,,

 with mr 0  and ns 0 .  

Proof. If A   or 
cA   is permutation equivalent to 










−−−

−

snrmsrm

snrsr

OO

OJ

,,

,,

  with  mr 0   and 

ns 0    then 321)()( =+=+ cArAr  . If 3)()( =+ cArAr    then 2)(,1)( == cArAr  or 

1)(,2)( == cArAr .  
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ehen 1)( =Ar    let    be any nonzero row of A  . Since 1)( =Ar    each row    of A   is 

either equal to   or equal to nO ,1 . eithout loss of generality  assume that the first r  rows of 
A  are equal to    and the first s  entries of   are 1’s  i.e.   









=

−−−

−

snrmsrm

snrsr

OO

OJ
A

,,

,,

                             (3) 

where 0, sr  . ee assert that mr    and ns   . ttherwise  mr =   or ns =   implies 

2)()( + cArAr   which is a contraction.  

ehen 1)( =cAr    similar arguments show that 
cA   is permutation equivalent to 










−−−

−

snrmsrm

snrsr

OO

OJ

,,

,,

 with mr 0  and ns 0 . This completes the proof.  

As a basic kind of matrices  symmetric matrices are very common in matrix theory  and 
symmetric 0-1 matrices are closely related to graphs. Finally we consider the symmetric case. 

By Theorem 1  we can easily deduce the case when A  is a symmetric 0-1 matrix of order n  

satisfying 1)()( =+ cArAr . 

Corollary 4. Let A  be a symmetric 0-1 matrix of order n . Then 1)()( =+ cArAr  if and only 

if nnJA ,=
 or nnO , . 

By Theorem 2  if a 0-1 matrix A   of order n   satisfying 2)()( =+ cArAr    then A   is 

permutation equivalent to 









− nrm

nr

O

J

,

,

  with mr 0   or 
 snmsm OJ −,,   with ns 0    which 

implies that A  is not symmetric. Thus we have the following corollary. 

Corollary 5. Let A  be a symmetric 0-1 matrix of order n . Then 2)()( + cArAr .  

Two square matrices X   and Y   are said to be permutation similar if there exists a 

permutation matrix P  such that YPXPT = . By Theorem 3  we can deduce the case when A  

is a symmetric 0-1 matrix of order n  satisfying 3)()( =+ cArAr .  

Corollary 6. Let A  be a symmetric 0-1 matrix of order n . Then 3)()( =+ cArAr  if and  

only if A  or 
cA  is permutation similar to 










−−−

−

rnrnrrn

rnrrr

OO

OJ

,,

,,

 with nr 0 . 

 Proof. ehen A  is a square 0-1 matrix of order n   by Theorem 3  there exist permutation 

matrices P   and Q   such that PAQ   or QPAc

  has the form 









−−−

−

snrnsrn

snrsr

OO

OJ

,,

,,

  with 

nsr  ,0  . Since A   is symmetric  we have sr =   and 
TPQ =  . Thus 

TPAP   or 
TcPPA   has 

the form 









−−−

−

rnrnrrn

rnrrr

OO

OJ

,,

,,

 with nr 0 . This completes the proof.  

3. CONCLUSIONS 
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There have been some research results on the rank relations between a 0-1 matrix and its 
complement matrix. And the possible values of the sum of the rank of a 0-1 matrix and the rank 
of its complement matrix have been given. In this paper  we further investigate the structure of 

those 0-1 matrices A   satisfying kArAr c =+ )()(  . ee solve the problem in the cases when 
3,2,1=k  . And we also deduce the structure of symmetric 0-1 matrices A   satisfying 

kArAr c =+ )()(  for 3,1=k . 
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