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Abstract

Polynomial maps on matrices are of both theoretical significance and application value.
This paper investigates those complex matrices for the existence of polynomials such
that the polynomial maps on those matrices have some special properties. Some basic
kinds of matrices such as diagonal, normal and circulant matrices are very common in
matrix theory. We solve the problem in the cases when the maps on matrices are
diagonal, normal, circulant, respectively. The results enrich the research of polynomial
maps on matrices.
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1. INTRODUCTION

The action of polynomials on matrices is very common in matrix theory as well as graph
theory [1-3]. Denote by M, the setof nxn complex matrices. It is natural and interesting to

consider those matrices 4 M, for the existence of a complex polynomial f(z) such that
f(A) have certain special properties. In recent years, there has been some excellent work on
this topic [4-6].

A square matrix 4=[a;] is diagonal if a; =0 whenever i= j. A square matrix A4 is

normalif A4 = A"A4,where A  denotes the conjugate transpose of A4 .A square matrix of the
form

a a, a - a

n

a, a  a, -l

an—l an al e an72

la, a a, - a |

is called a circulant matrix.

Diagonal matrices, normal matrices and circulant matrices are basic kinds of matrices. In
Section 2, we give a complete characterization of 4€ M, for the existence of f(z) such that

f(A) isdiagonal, normal, circulant, respectively.

2. MAIN RESULTS

Recall that the direct sum 4, @ 4, ®---® 4, of square matrices 4,,4,,---,4, is the block
diagonal matrix

46



World Scientific Research Journal Volume 10 Issue 6,2024
ISSN: 2472-3703 DOI: 10.6911/WSR].202406_10(6).0006

Denote by [, the nxn identity matrix.

Lemma 1. Let 4eM,, A,4,,--,4, be k distinct complex numbers, and n,,n,,---,n, be
positive integers such that », +n,+---+n, =n. Then there is a polynomial f(z) such that
f(A)=41, @1, &1, ifandonlyif 4=4OS4,D--®4,, where 4 and 4, have
no common eigenvalue if i# ;.

Proof.1f f(4)=A41, ®41, ®---® 41, with A4,4,,---,4, bedistinct,by Af(4)=f(A)4,

it follows that A is a block diagonal matrix. Then the diagonal blocks of 4 have no common
eigenvalue. This proves the necessity.

For the sufficiency, we may let f/(z) be such that f(4)=41, and f(4,)=0 for i=j.
Set f(2)=/f(2)+f,(2)+---+ f,(2). Then f(A)=41, ®41, @---®A41, . This completes the
proof.

A permutation matrix is a square matrix in which every row and every column contains a
single 1 and all other elements are 0’s. Two square matrices X and Y are said to be

permutation similar if there exists a permutation matrix P such that P'XP=Y . The
following result characterizes 4e€ M, for the existence of f(z) suchthat f(4) isdiagonal.
Theorem 2. Let 4 M, . Then there is a polynomial f(z) such that f(4) is a diagonal
matrix with k& distinct eigenvalues if and only if A4 is permutation similar to
A DA4,®--® 4, where 4, and 4; have no common eigenvalueif i+ ;.
Proof. It is easy to see that any diagonal matrix with & distinct eigenvalues A4,,4,,---,4,
can be permutation similar to 4,7, ® 1,1, ®---® A4/, . Then by Lemma 1, the theorem holds.

A square matrix A is unitaryif 4"4 =1. Note that a normal matrix can be unitary similar
to a diagonal matrix [7]. The following result characterizes 4€ M, for the existence of f(z)

such that f(4) isnormal.
Theorem 3. Let A€M, . Then there is a polynomial f(z) such that f(4) is a normal

matrix with % distinct eigenvalues if and only if 4 is unitary similar to 4, ® 4, ®---® 4,,
where 4, and 4; have no common eigenvalue if i# ;.

Remark. (i) In fact, the polynomial f(z) in Lemma 1, Theorem 2 and Theorem 3 can be
chosen such that its degree is lower than that of the minimal polynomial of 4.

(ii) From the proof of Lemma 1, it is easy to see that the complex numbers A,,4,,-:-,4, can
be k distinct real (nonnegative) numbers. Thus the characterization of 4e M, for the

existence of f(z) such that f(A4) is Hermitian (positive semidefinite) is the same as the
normal case.

Corollary 4. Let A4 <M, .Thenthereisapolynomial f(z) suchthat f(4) isanHermitian
matrixwith £ distinctreal eigenvaluesifand onlyif A4 isunitarysimilarto 4 ®4,®---® 4,,

where 4, and 4; have no common eigenvalueif i# ;.
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Corollary 5. Let 4e M, . Then there is a polynomial f(z) such that f(A4) is a positive

semidefinite matrix with & distinct nonnegative eigenvalues if and only if 4 is unitary
similarto 4, ® 4, ®---® 4, where 4, and 4; have no common eigenvalue if i+ ;.

The nxn Fourier transform matrix is defined to be

1 1 1 1
. 1 w w? w'!
F=—|1 W whoo Wt
N . .
1 Wn—l WZ(n—l) . W(n—l)(n—l)

27
where w=e" (i= /_1) . Note that F is invertible by computing the Vandermonde

determinant.

Lemma 6 [8]. Let CeM,. Then C is circulant if and only if there exists n complex
numbers g, 4, ++, 4, such that F'CF =y ® u, ®---® u,, where F is the nxn Fourier
transform matrix.

Combining Theorem 2 and Lemma 6, we obtain the following result, which characterizes
Ae M, forthe existence of f(z) suchthat f(A4) iscirculant.

Theorem 7. Let 4 M, . Then there is a polynomial f(z) such that f(4) is a circulant

matrix with k distinct eigenvalues if and only if F'AF is permutation similar to
A DA D---®4,, where F is the nxn Fourier transform matrix, 4, and Aj have no

common eigenvalue if i# j.

3. CONCLUSIONS

In this paper, we mainly investigate the polynomial maps on square matrices. We first
characterize those complex matrices for the existence of complex polynomials such that the
polynomial maps on those matrices are diagonal. Note that some important kinds of special
matrices, such as normal matrices and circulant matrices, are diagonalizable. Then we solve the
problem in the cases when the polynomial maps on matrices are normal and circulant
respectively.

In fact, those complex matrices for the existence of complex polynomials such that the
polynomial maps on those matrices are diagonalizable, can be completely characterized. These
results are expected to stimulate further research concerning polynomial maps on matrices.
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