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Abstract

This paper proposes a method of nonlinear independence test between random
variables. The method is a kernel method called Hilbert-Schmidt independence
criterion (HSIC) for measuring dependence, which is based on the Hilbert- Schmidt norm
of the cross-covariance operator of samples. Unlike previous methods like mutual
information, it allows us to simplify the problem and to deal with several sensitive
variables in the mean time. And it uses a kernel function instead of linear formulas,
which makes it possible to solve nonlinear problems. This work studies the detailed
concepts and criterion associated with HSIC and use the median heuristic To select the
kernel width. The experiments are conducted on the wine dataset in UCI and the results
showed good performance.
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1. INTRODUCTION
1.1.Motivation

With the advances in technology, machine learning algorithms have developed rapidly. At
present, the widespread applications of machine learning algorithms have also had a
tremendous impact on people’s daily life. For example, they can influence and predict some
weather-related policies, as well as economic and educational decisions. Large amounts of big
data and mechanical learning algorithms are now being exploiting and utilizing for prediction
and inference. For instance, algorithms are now used to determine wages [1], help assess before
trial [2], and assess the risk of violence [3]. It seems that because of society’s strong reliance on
machine learning algorithms, companies and government agencies are beginning to concern
about the fairness and impartiality of machine learning. Indeed, standard machine learning
models are not fair in any way, because they retain biases in the data, and human-provided
labels is highly likely to be affected by cognitive biases. So, more meticulous modeling are
needed to get closer to more equitable machine learning algorithms.

This paper uses a novel fair regression based on the fair classification framework mentioned
in [4]. This method relies on the Hilbert Schmidt independence criterion as the fairness term.
This paper is based on two literatures [4, 5]. Among them, the independence between the
predictor and the sensitive variable is achieved by using the kernel dependence measure (HSIC),
as the regularizer of the objective function [5]. This work is to study the application of HSIC in
fairness and show how it can be reflected through a comparison test with and without median
heuristic. Firstly, there is an introduction of the expressions and derivation process of HSIC and
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median heuristic, and the framework of fairness regression [4]. After that, there is a database
to verify the function of HSIC, thus proving that HSIC can realize fairness in statistical machine
learning.

1.2.Benefits of HSIC and Median Heuristic

The classical method of measuring dependencies between variables is usually designed to
capture only a specific form of dependency and is applicable only to scalar random variables.
For instance, that mutual information can be used to measure the independence between two
variables, and when it is equal to zero it means that the two variables are independent of each
other. But the adoption of mutual information means that it is essential to estimate some
probability density. Obviously, many problems cannot estimate the probability or probability
density very well, and the two variables are likely to have very different meanings. A new and
more general framework was introduced in [6], which is called Hilbert Schmidt Independence
Criterion (HSIC) and based on calculating the distance between the probabilistic measure
representations using kernels. [t can capture all possible types of dependence between random
vectors or random variables valued in the non-Euclidean or structured domains. HSIC can be
skillfully transformed into a sampling form, avoiding the need to estimate the probability
density. Its main purpose is to measure a distribution difference between two variables, which
is similar to covariance (variance) and is also constructed based on covariance. There is a
theorem for HSIC: if and only if the variables are independent, HSIC will be equal to zero.

According to the content mentioned in [6], HSIC has many advantages over previous kernel
independence measures: the empirical estimate is simpler; HSIC-based independence test will
not have the problem of slow learning speed; the finite sample bias of estimates can be small
enough to be negligible; it is superior to previous independent tests and has a strong
competitiveness.

Asis known to all, the performance of kernel methods largely depends on the choice of kernel.
However, according to article [7], there is no general, theoretical basis for kernel selection in
this case, because it is sometimes not possible to select kernel parameters using a simple cross-
validation method, as opposed to a supervised kernel method, therefore, an ideal objective
function cannot be calculated due to a complex asymptotic null distribution. Therefore, most
users of kernel hypothesis testing resort to parameterized kernel families, such as squared
exponents, and set the length scale parameters based on the “median heuristic”. As [7]
mentioned, there are two versions of expression of median heuristic. The first one uses
=1
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Gaussian RBF and the expression is k(x,x") = exp (— ), and the second version uses

2
[l
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the parameterization k(x,x’) = exp| — . In both versions, given a set of observations

X1, .... Xy, this work calculates | = median (| | — x; || ) The median heuristic is utilized as the
2

default value for supervised learning tasks, or when cross-validation is too expensive.

1.3.Fairness in Machine Learning

Obtaining fair machine learning algorithms is an urgent problem. Fairness is an elusive and
unpredictable concept, so such qualitative indicators are contained in machines that only learn
from data. Therefore, in order to achieve the fairness of machine learning, there is a goal: reduce
the weight of sensitive features or directly remove them.

However, removing sensitive characteristics such as gender and race to make predictions
does not solve the problem, since the accuracy of the model may be greatly affected by the lack
of information features, and related variables may still enter the model [4]. Based on this
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premise, we derive the HSIC method. When modifying the trade-off between prediction and
fairness, it allows us to study different solutions. The method can naturally handle multiple
dimensional input variables for both regular and sensitive variables.

In this paper, we have not described too much about the use of fairness and algorithms. The
focus of our research is on HSIC in fairness. The remainder of this article is organized as follows.
Section 2 introduces the basic expressions of HSIC, and gives a framework for median heuristic.
In Section 3, we select a data set and conducted a comparative experiment and gives
experimental evidence and results. Finally, this paper is summarized in Section 4.

2. METHODOLOGY

This section introduces a criterion for judging the independence between two random
variables based on the RKHS(Reproducing Kernel Hilbert Spaces).2.1 will introduce operators
used by HSIC(The Hilbert-Schmidt Independence Criterion), then 2.2 will give the definition of
HSIC, and finally, 2.3 will explain a method of parameter selection: Median heuristic

2.1.The Cross-Covariance Operator

Firstly, the work presents the cross-covariance operator in linear cases. To make it clear, here
defining some notations. Two spaces X € R and Y S R, which consisting of sample
observation pairs (x,y) of bivariate distribution P, that we collect are defined. Then the
cross-covariance operator can be written as [8]:

ny: = Ex,y[XyT] - EX[X] Ey[yT] (1)

Where yT is the transpose of y, where E,, is the expection of P,

«y, Where E, and E, are
the expections of P, and P, respectively.

Secondly, this work presents it in non-linear cases. To do this, kernel functions need to be
used. We define a reproducing kernel Hilbert space F of functions from X € R, there
correspond an element ¢(x) € F such that (¢p(x), p(x"))r = k,(x,x") , where k() is a
positive definite kernel function [9]. The other suitable positive definite kernel function
ky(v,y") =), (")) ofanotherreproducing kernel Hilbert space G also be defined. Then

the cross-covariance operator can be presented like (1) which is a linear operator C,,:G — F:

ny: = Ex,y[(d)(x) — ) ® (W(y) — .uy)]

Where & is the notation of tensor product, u, = Ex[¢p(x)] and u, = E,[Y(y)].
2.2.The Hilbert-Schmidt Independence Criterion (HSIC)

The squared HS-norm cross-covariance operator C,, is defined as The Hilbert-Schmidt
Independence Criterion (HSIC) [8] such that:

HSIC(P,,,F,G) =l Cyy llfs
IIE:xyx'y' [k (x, x’)ky 0, ¥)]
+E e [k (x, X )] Eyyr [y (v, )]
—2E ey [Eyr [k (x, x)]Eyr [Ky (v, ¥ )]
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Where E,,,’, represents the independentexpectation of (x,y) and (x’,y") derived from
P.,, where k, and k, are kernel functions, where F and G are the Hilbert spaces, and
where E,, isthe expectationover X and Y.

By defining a data series Z:= {(x1,¥1), ., (Xm,¥m)} made up of m independent
observations pairs drawn from P, with X’ € R and Y S R The empirical estimator of HSIC

can be written as:
HSIC(F,G,2) = (m — 1) ?tr(KyHK, H)

Where m is the number of samples, Ky € R™™ and K, € R™*™ with entries are Ky;; =

k(x;,x;) and Ky;; = k(y;,y;), and H € R™™ is the centering matrix H = I, — % 1,,17.

2.3.Median Heuristic

It is well known that the key to the efficiency and success of kernel methods lies in kernel
function selection. In practice, this choice tends to be reduced to bandwidth v calibration and
may even be more important than kernel selection. For instance, assume that we choose
Gaussian kernel. When v — 0, the Gram matrix K is the identity matrix, and when v — oo,
everything in K is 1 [9]. In these two extreme cases, the information contained in the data
cannot be represented. This is a universal situation, hence choosing a value in the middle area
(Il x; = xj )1<i,j<n is considered the correct middle choice. The median is usually set as the
empirical quantile. This method is called median heuristic. This report chooses the bandwidth

v =,H,/2 ,where
Hyp = Med{ll Xp; — X5 Il 1< i<j<n}

Where Med is the empirical median
More details can be found in [9], if readers are interested.

3. EXPERIMENTAL EVIDENCE
3.1.Dataset

A dataset is chosen from the UCI repository: the Wine dataset. These data are the chemical
composition analysis of three different wines grown in Italy, including the content of thirteen
chemical components.

3.2.Experimental Set

The wine data is divided into three groups according to the type. First, when measuring
dependence, the work needs to specify the kernels for X and Y. The Gaussian kernels is used and
default value of the width parameter is 1.0. Theoretically, the selection of the HSIC kernel
function does not affect the test results.

This work measured the dependence of 13 attributes for each group and use the following
symbols to represent these 13 variables.

A=Alcohol;

B=Malic acid;
C=Ash;
D=Alkalinity of ash;
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E=Magnesium;

F=Total phenols;

G=Flavonoids;

H=Nonflavonoid phenols;
[=Proanthocyanins;

J=Color intensity;

K=Hue;

L=0D280/0D315 of diluted wines;
M=Proline;

3.3.Result

The significance level is set to 0.01. For the convenience of statistical results, it is set to 0 when
the p-value is less than 0.01, thinking that it rejects the null hypothesis. Table 1, 2 and 3 show
the results.

Table 1. TypeA
A B C D E F G H | ] K L M
0.00 | 834 | 194 | 270 | 678 | 0.00 | 0.00 | 9.28 | 0.00 | 0.00 | 7.29 | 491 | 2.03

A E+00 | E-01 | E-01 | E-01 | E-01 | E+00 | E+00 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01
B 878 | 0.00 | 549 | 143 | 1.71 | 9.07 | 224 | 336 | 564 | 410 | 0.00 | 2.39 | 6.25
E-01 | E+00 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E+00 | E-01 | E-01
C 221 | 3.08 | 0.00 | 1.19 | 841 | 799 | 499 | 0.00 | 277 | 7.20 | 729 | 550 | 3.90
E-01 | E-01 | E+00 | E-01 | E-01 | E-01 | E-01 | E+00 | E-01 | E-01 | E-02 | E-01 | E-02
D 138 | 1.75 | 1.52 | 0.00 | 809 | 111 | 3.14 | 363 | 779 | 697 | 459 | 3.71 | 258
E-01 | E-01 | E-01 | E+00 | E-01 | E-01 | E-01 | E-01 | E-02 | E-01 | E-01 | E-01 | E-01
E 785 | 688 | 757 | 433 | 0.00 | 779 | 1.60 | 522 | 519 | 739 | 857 | 1.53 | 3.36
E-01 | E-01 | E-01 | E-01 | E+00 | E-02 | E-02 | E-01 | E-01 | E-02 | E-01 | E-01 | E-01
F 0.00 | 733 | 835 | 140 | 729 | 0.00 | 0.00 | 9.26 | 0.00 | 0.00 | 1.04 | 6.74 | 6.05
E+00 | E-01 | E-01 | E-01 | E-02 | E+00 | E+00 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01
G 0.00 | 199 | 538 | 1.04 | 140 | 0.00 | 0.00 | 500 | 0.00 | 0.00 | 9.02 | 517 | 6.09
E+00 | E-01 | E-01 | E-01 | E-02 | E+00 | E+00 | E-01 | E+00 | E+00 | E-01 | E-01 | E-02
H 873 | 328 | 000 | 204 | 475 | 870 | 391 | 0.00 | 289 | 3.03 | 0.00 | 1.60 | 246

E-01 | E-01 | E+00 | E-01 | E-01 | E-01 | E-01 | E+00 | E-01 | E-01 | E+00 | E-02 | E-01
0.00 | 6.00 | 287 | 1.09 | 819 | 0.00 | 0.00 | 299 | 0.00 | 0.00 | 463 | 646 | 431
E+00 | E-01 | E-01 | E-01 | E-02 | E+00 | E+00 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01
0.00 | 140 | 857 | 697 | 435 | 000 | 0.00 | 273 | 0.00 | 0.00 | 706 | 140 | 7.10
J E+00 | E-02 | E-01 | E-01 | E-01 | E+00 | E+00 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01
724 | 0.00 | 749 | 578 | 929 | 111 | 9.20 | 0.00 | 4.23 | 6.64 | 0.00 | 1.20 | 281

K E-01 | E+00 | E-02 | E-01 | E-01 | E-01 | E-01 | E+00 | E-01 | E-01 | E+00 | E-02 | E-01
L 559 | 204 | 541 | 285 | 168 | 827 | 190 | 190 | 6.14 | 629 | 2.00 | 0.00 | 197

E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-02 | E-01 | E-02 | E-02 | E+00 | E-01
M 567 | 317 | 246 | 431 | 511 | 793 | 866 | 397 | 236 | 9.17 | 867 | 218 | 0.00

E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E+00
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Table 2. TypeB
A B C D E F G H I J K L M
0.00E | 2.36E | 1.80E | 7.89E | 9.37E | 7.91E | 8.52E | 9.05E | 3.72E | 2.30E | 5.94E | 3.37E | 8.44E
+00 | -01 | -02 | -02 01 | 01 | -01 | -01 01 | 02 | -01 | -01 -01
3.57E | 0.00E | 2.21E | 7.92E | 9.57E | 6.84E | 8.18E | 1.76E | 1.33E | 2.77E | 0.00E | 5.75E | 7.09E
-01 | 400 | -01 | -01 01 | 01 | -01 | -01 01 | -01 | +00 | -01 -02
3.40E | 2.24E | 0.00E | 0.00E | 2.68E | 5.12E | 2.72E | 1.70E | 4.73E | 3.52E | 9.23E | 4.03E | 5.89E
-02 -01 | +00 | +00 | -01 | -01 | -01 | -02 01 | 01 | -01 | -01 -02
4.28E | 2.88E | 0.00E | 0.00E | 5.99E | 7.87E | 5.04E | 5.89E | 2.82E | 4.21E | 1.20E | 3.50E | 2.35E
-01 -01 | +00 | +00 | -03 | 01 | -01 | -02 01 | 01 | -02 | -02 -01
447E | 747E | 5.53E | 3.69E | 0.00E | 8.99E | 6.85E | 3.34E | 4.60E | 1.18E | 3.87E | 4.45E | 7.69E
-01 -01 -01 -01 +00 -02 -01 -01 -01 -01 -01 -01 -02
495E | 7.32E | 4.94E | 3.37E | 7.55E | 0.00E | 0.00E | 0.00E | 0.00E | 1.24E | 8.32E | 0.00E | 1.68E
-01 -01 -01 -01 -01 +00 +00 +00 +00 -01 -01 +00 -01
9.47E | 6.82E | 2.08E | 495E | 2.79E | 0.00E | 0.00E | 0.00E | 0.00E | 3.60E | 8.54E | 0.00E | 4.70E
-01 -01 01 | -01 -01 | +00 | +00 | +00 | +00 | -02 | -01 | +00 | -01
7.70E | 1.53E | 1.40E | 6.29E | 1.30E | 0.00E | 0.00E | 0.00E | 2.10E | 8.06E | 7.52E | 0.00E | 2.80E
-01 01 | -02 | -02 -01 | +00 | +00 | +00 | -02 | -01 | -01 | +00 | -01
6.57E | 2.23E | 2.34E | 3.11E | 1.82E | 0.00E | 0.00E | 3.00E | 0.00E | 9.06E | 9.38E | 0.00E | 1.83E
-01 01 | -01 | -01 -01 | +00 | +00 | -02 | +00 | -01 | -01 | +00 | -01
1.90E | 3.33E | 2.89E | 2.80E | 1.36E | 2.29E | 3.01E | 7.83E | 8.91E | 0.00E | 8.85E | 2.84E | 7.57E
T 02 01 | -01 | -01 01 | -01 | -01 | -01 -01 | +00 | -01 | -01 -01
5.71E | 0.00E | 9.03E | 5.59E | 3.98E | 8.11E | 8.67E | 6.75E | 9.86E | 8.33E | 0.00E | 6.95E | 6.84E
01 | +00 | -01 | -02 01 | -01 | -01 | -01 -01 | -01 | +00 | -01 -01
3.59E | 6.74E | 4.85E | 7.89E | 8.16E | 0.00E | 0.00E | 0.00E | 0.00E | 2.70E | 6.83E | 0.00E | 9.04E
-01 -01 | -01 | -02 -01 | +00 | +00 | +00 | +00 | -01 | -01 | +00 | -01
8.75E | 3.30E | 5.13E | 5.19E | 8.69E | 8.88E | 6.74E | 1.43E | 7.30E | 2.75E | 9.79E | 6.13E | 0.00E
-01 -02 -01 | -01 02 | 01 | -01 | -01 01 | 01 | -02 | -01 | +00

Table 3. TypeC
A B C D E F G H I J K L M
0.00E | 6.99E | 2.44E | 3.03E | 3.96E | 2.68E | 8.29E | 6.34E | 2.60E | 1.04E | 8.80F | 3.91E | 5.38E
+00 | -01 | -01 | -01 01 | 01 | -01 | -01 02 | 01 | -01 | -01 -01
6.41E | 0.00E | 8.47E | 3.49E | 3.15E | 2.93E | 2.18E | 5.92E | 3.20E | 5.79E | 6.21E | 5.56E | 5.64E
01 | 400 | -01 | -01 01 | 01 | -01 | -01 02 | 01 | -01 | -01 -01
1.36E | 9.49E | 0.00E | 0.00E | 6.99E | 0.00E | 5.49E | 9.67E | 2.04E | 7.51E | 2.42E | 1.11E | 4.51E
-01 -01 +00 +00 -02 +00 -02 -01 -01 -01 -01 -01 -01
1.41E | 3.27E | 0.00E | 0.00E | 6.75E | 7.39E | 5.09E | 9.82E | 2.86E | 6.62E | 6.80E | 9.71E | 1.23E
-01 -01 +00 +00 -01 -02 -02 -01 -01 -01 -01 -01 -01
8.56E | 4.69E | 2.88E | 4.41E | 0.00E | 7.39E | 8.39E | 3.60E | 4.99E | 5.21E | 7.31E | 5.59E | 8.78E
-01 -01 -01 | -01 | +00 | -01 02 | -02 01 | -01 | -01 | -01 -01
2.09E | 3.32E | 0.00E | 9.19E | 5.31E | 0.00E | 8.89E | 3.20E | 0.00E | 1.14E | 5.89E | 1.44E | 7.67E
-01 -01 | +00 | -02 -01 | +00 | -02 | -02 | +00 | -01 | -02 | -01 -01
8.16E | 2.20E | 6.29E | 6.19E | 8.59E | 9.09E | 0.00E | 0.00E | 2.20E | 1.06E | 2.90E | 0.00E | 7.88E
-01 01 | -02 | -02 02 | -02 | +00 | +00 | -02 | -01 | -01 | +00 | -01
6.82E | 4.79E | 9.73E | 9.63E | 9.69E | 3.30E | 0.00E | 0.00E | 2.95E | 8.02E | 0.00E | 3.00E | 6.17E
-01 01 | -01 | -01 02 | -02 | +00 | +00 | -01 | -01 | +00 | -02 -01
3.20E | 1.46E | 2.58E | 1.12E | 9.15E | 0.00E | 2.10E | 2.88E | 0.00E | 0.00E | 0.00E | 1.14E | 1.19E
-02 01 | -01 | -01 -01 | +00 | -02 | -01 | +00 | +00 | +00 | -01 -01
3.94E | 2.44E | 8.27E | 9.72E | 3.04E | 3.88E | 6.44E | 8.82E | 0.00E | 0.00E | 0.00E | 3.22E | 9.10E
V1 o1 01 | -01 | -01 01 | -01 | -01 | -01 | +00 | +00 | +00 | -01 -01
8.86E | 7.22E | 2.09E | 6.10E | 3.06E | 6.45E | 4.40E | 0.00E | 0.00E | 0.00E | 0.00E | 1.10E | 5.76E
-01 01 | -01 | -01 01 | -01 | -02 | +00 | +00 | +00 | +00 | -02 -01
4.20E | 5.17E | 1.05E | 9.74E | 5.61E | 2.91E | 0.00E | 3.40E | 2.52E | 2.81E | 1.20E | 0.00E | 7.97E
-01 -01 -01 -01 -01 -01 +00 -02 -01 -01 -02 +00 -01
5.05E | 6.18E | 6.80E | 7.89E | 4.15E | 3.15E | 8.22E | 5.70E | 5.49E | 6.90E | 4.65E | 3.66E | 0.00E
-01 -01 -01 -02 -01 -01 -01 -01 -02 -01 -01 -01 +00
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Table 4. TypeA with median heuristic

A B C D E F G H I ] K L M
A | 0-00E [ 5.49E- [ 0.00E | 1.70E- | 2.99E- [ 0.00E | 3.40E- | 2.77E- | 0.00E | 0.00E [ 6.16E- | 2.29E- | 1.59E-
+00 01 +00 01 01 +00 02 01 +00 +00 01 01 01
g | 7-87E- [ 0.00E | 9.02E- | 4.84E- | 1.72E- | 8.93E- | 8.27E- | 3.23E- | 8.63E- | 5.74E- | 4.10E- | 5.51E- | 1.74E-
01 +00 01 01 01 01 01 01 01 01 01 01 01
¢ | 0-00E [ 2.84E- [ 0.00E | 2.10E- | 2.80E- | 7.14E- [ 5.38E- | 3.70E- | 9.09E- | 7.55E- | 8.64E- | 6.97E- | 1.90E-
+00 01 +00 02 01 01 01 02 02 01 01 01 02
D | 3:03E- [ 4.28E- | 2.10E- | 0.00E | 8.37E- [ 2.03E- | 2.78E- | 4.96E- | 2.63E- | 8.28E- | 3.22E- | 7.81E- | 9.85E-
01 01 02 +00 01 01 01 01 01 01 01 01 01
g | 112E- [ 6.29E- | 3.48E- | 6.44E- | 0.00E | 3.60E- | 2.65E- | 1.60E- [ 7.29E- | 1.60E- | 2.95E- | 2.07E- | 8.79E-
01 01 01 01 +00 02 01 02 02 02 01 01 02
¢ | O-00E | 9.31E- | 3.32E- | 1.80E- | 1.90E- [ 0.00E | 0.00E | 2.10E- | 5.79E- | 0.00E | 1.07E- | 5.68E- | 6.44E-
+00 01 01 01 02 +00 +00 01 02 +00 01 01 01
G | L.70E- | 8.49E- | 4.86E- | 5.79E- | 1.26E- | 0.00E | 0.00E | 5.49E- | 0.00E | 0.00E | 3.09E- | 7.49E- | 2.77E-
02 01 01 01 01 +00 +00 02 +00 +00 01 02 01
y | 3-10E- | 4.59E- | 1.90E- | 6.30E- | 1.90E- [ 1.19E- | 9.69E- | 0.00E | 1.69E- | 5.77E- | 0.00E | 3.90E- | 4.56E-
01 01 02 01 02 01 02 +00 01 01 +00 02 01
| | 0:00E | 8.75E- | 1.30E- | 1.07E- | 4.64E- | 2.00E- | 0.00E | 3.16E- | 0.00E | 0.00E | 6.18E- | 2.83E- | 4.21E-
+00 01 01 01 01 02 +00 01 +00 +00 01 01 01
0.00E | 3.17E- | 2.68E- | 6.94E- | 3.70E- | 0.00E | 0.00E | 1.77E- | 0.00E | 0.00E | 5.29E- | 8.79E- | 2.10E-
Il o0 01 01 01 02 +00 +00 01 +00 +00 01 02 02
i | 6:41E- | 4.75E- | 8.67E- [ 2.04E- | 4.17E- | 6.39E- | 3.39E- | 0.00E | 6.84E- | 5.79E- | 0.00E | 0.00E | 1.68E-
01 01 01 01 01 02 01 +00 01 01 +00 +00 01
L | L.78E- | 2.74E- | 8.65E- | 5.60E- | 2.41E- | 8.00E- | 3.63E- | 1.80E- | 8.18E- | 1.86E- | 0.00E | 0.00E | 0.00E
01 01 01 01 01 01 01 02 01 01 +00 +00 +00
M| 5-21E- | 441E- | 1.61E- | 4.88E- | 1.60E- | 8.05E- | 5.09E- | 4.70E- | 4.42E- | 1.40E- | 2.88E- | 0.00E | 0.00E
01 01 01 01 01 01 02 01 01 02 01 +00 +00
Table 5. TypeB with median heuristic
A B C D E F G H | ] K L M
A 0.00E | 1.81E | 5.99E | 5.04E | 8.63E | 5.02E | 7.30E | 1.98E | 4.62E | 2.71E | 3.89E | 8.52E | 5.66E
+00 -01 -02 -01 -01 -01 -01 -01 -01 -01 -01 -01 -01
B 1.40E | 0.00E | 5.49E | 8.89E | 8.52E | 2.80E | 7.23E | 8.07E | 1.35E | 3.95E | 3.40E | 9.78E | 5.76E
-01 +00 -01 -02 -01 -01 -01 -01 -01 -01 -02 -01 -01
C 2.10E | 3.25E | 0.00E | 0.00E | 3.06E | 6.85E | 7.11E | 1.40E | 6.59E | 4.35E | 4.93E | 5.76E | 7.72E
-02 -01 +00 +00 -01 -01 -01 -02 -01 -01 -01 -01 -01
D 4.62E | 2.00E | 0.00E | 0.00E | 9.09E | 2.18E | 6.10E | 6.69E | 0.00E | 1.64E | 0.00E | 3.54E | 4.21E
-01 -01 +00 +00 -02 -01 -01 -02 +00 -01 +00 -01 -01
E 7.86E | 7.10E | 3.93E | 6.89E | 0.00E | 8.18E | 4.65E | 4.23E | 1.47E | 3.07E | 4.69E | 3.55E | 8.89E
-01 -01 -01 -02 +00 -01 -01 -01 -01 -01 -01 -01 -02
F 3.26E | 4.51E | 9.30E | 3.44E | 7.25E | 0.00E | 0.00E | 6.09E | 0.00E | 1.46E | 5.51E | 0.00E | 1.30E
-01 -01 -01 -01 -01 +00 +00 -02 +00 -01 -01 +00 -02
G 9.18E | 9.07E | 5.57E | 4.69E | 3.01E | 0.00E | 0.00E | 0.00E | 0.00E | 6.21E | 7.29E | 0.00E | 3.80E
-01 -01 -01 -01 -01 +00 +00 +00 +00 -01 -02 +00 -02
H 5.55E | 7.84E | 1.20E | 1.39E | 5.07E | 3.10E | 0.00E | 0.00E | 5.67E | 3.32E | 1.97E | 0.00E | 5.42E
-01 -01 -02 -01 -01 -02 +00 +00 -01 -01 -01 +00 -01
I 3.34E | 3.20E | 5.04E | 0.00E | 1.03E | 0.00E | 0.00E | 3.08E | 0.00E | 5.97E | 8.68E | 3.90E | 8.57E
-01 -02 -01 +00 -01 +00 +00 -01 +00 -01 -01 -02 -01
6.39E | 494E | 3.82E | 8.39E | 8.02E | 1.37E | 7.68E | 3.13E | 3.07E | 0.00E | 1.22E | 4.38E | 3.06E
J -02 -01 -01 -02 -01 -01 -01 -01 -01 +00 -01 -01 -01
K 8.24E | 1.10E | 4.87E | 0.00E | 5.83E | 6.30E | 5.75E | 1.63E | 8.26E | 1.21E | 0.00E | 9.86E | 3.29E
-01 -02 -01 +00 -01 -01 -01 -01 -01 -01 +00 -01 -01
L 9.22E | 8.34E | 8.11E | 7.16E | 4.64E | 0.00E | 0.00E | 0.00E | 1.78E | 2.24E | 9.54E | 0.00E | 5.13E
-01 -01 -01 -01 -01 +00 +00 +00 -01 -01 -01 +00 -01
M 5.21E | 4.59E | 5.10E | 5.66E | 2.90E | 8.88E | 9.89E | 6.19E | 8.05E | 4.45E | 2.98E | 6.95E | 0.00E
-01 -01 -01 -01 -02 -01 -02 -01 -01 -01 -01 -01 +00
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Theoretically, the values of the symmetrical positions in the above table should be equal
because they belong to the test between two identical variables. However, the results show that
they are not symmetrical. In order to study whether the kernel width selection will affect the
difference in the p-value of the symmetrical position, the median heuristic method is used to
test. Table 4, 5 and 6 show the results.

Table 6. TypeC with median heuristic
A B C D E F G H [ ] K L M
0.00 | 583 | 833 | 5.05 | 537 | 233 | 3.67 | 549 | 839 | 1.76 | 659 | 2.28 | 8.09

A E+00 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-02 | E-01 | E-01 | E-01 | E-01
B 440 | 000 | 732 | 756 | 1.80 | 240 | 278 | 5.09 | 457 | 619 | 858 | 954 | 7.32
E-01 | E+00 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01
C 9.03 | 822 | 0.00 | 0.00 | 1.88 | 1.61 | 338 | 1.09 | 528 | 9.12 | 2.08 | 4.64 | 8.04
E-01 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01
D 244 | 7.70 | 0.00 | 0.00 | 289 | 324 | 266 | 285 | 374 | 836 | 742 | 472 | 572
E-01 | E-01 | E+00 | E+00 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01
E 149 | 154 | 1.78 | 222 | 0.00 | 3.24 | 260 | 460 | 525 | 3.62 | 425 | 131 | 435
E-01 | E-01 | E-01 | E-01 | E+00 | E-01 | E-02 | E-02 | E-01 | E-01 | E-01 | E-01 | E-01
F 3.09 | 251 | 209 | 282 | 662 | 000 | 140 | 1.01 | 278 | 3.34 | 206 | 710 | 1.22
E-01 | E-01 | E-01 | E-01 | E-01 | E+00 | E-02 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01
G 549 | 231 | 713 | 789 | 250 | 470 | 0.00 | 0.00 | 9.19 | 140 | 540 | 0.00 | 290
E-02 | E-01 | E-01 | E-02 | E-02 | E-02 | E+00 | E+00 | E-02 | E-02 | E-01 | E+00 | E-02
H 779 | 823 | 296 | 479 | 969 | 330 | 0.00 | 0.00 | 836 | 680 | 799 | 0.00 | 3.22

E-02 | E-01 | E-01 | E-01 | E-02 | E-02 | E+00 | E+00 | E-01 | E-01 | E-02 | E+00 | E-01
290 | 187 | 753 | 404 | 5.09 | 205 | 110 | 915 | 0.00 | 0.00 | 2.60 | 0.00 | 3.80
E-02 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-01 | E+00 | E+00 | E-02 | E+00 | E-02
374 | 641 | 834 | 877 | 6.05 | 397 | 390 | 826 | 0.00 | 0.00 | 0.00 | 1.40 | 583
J E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-01 | E+00 | E+00 | E+00 | E-02 | E-01
426 | 762 | 427 | 541 | 466 | 248 | 440 | 1.04 | 140 | 0.00 | 0.00 | 1.38 | 1.24

K E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-01 | E-02 | E+00 | E+00 | E-01 | E-01
L 227 | 955 | 437 | 823 | 1.69 | 344 | 0.00 | 0.00 | 0.00 | 270 | 480 | 0.00 | 3.78

E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E+00 | E+00 | E+00 | E-02 | E-02 | E+00 | E-01
M 856 | 696 | 969 | 352 | 855 | 153 | 339 | 258 | 879 | 511 | 539 | 4.17 | 0.00

E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-01 | E-02 | E-01 | E-02 | E-01 | E+00

3.4.Analysist

In fact, although the P values of the symmetric positions are not exactly the same, they are of
the same order of magnitude. At the same time, the rejection of the null hypothesis is symmetric,
which means that this does not significantly affect the results of the experiment. However, due
to the randomness of the P value in an order of magnitude, if choosing a different significance
level, such as 0.05, it may produce different results. When using the median heuristic method
to conduct experiments for many times, it can be found that the P value is more stable, which
reduces the influence of extreme values on data statistics to a certain extent. Therefore, it is
feasible to apply median heuristic to the kernel method.

4. CONCLUSION

When measuring the independence between variables, the basic idea is to calculate mutual
information, but in many problems it is difficult to estimate the probability or probability
density well. One possible solution is to transform it into a dual problem, using a similar
confrontational thinking to learn mutual information (the idea of infomax), but this method may
be unstable and is affected by the sampling scheme. The best solution is to have an indicator
similar to "correlation coefficient”, so that we can explicitly calculate and optimize this indicator.
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So this report proposes a new kernel method for measuring the independence between various
variables, which is based on HSIC and has good theoretical and practical performance. This
work tested this method on the wine dataset and showed good performance. It greatly
simplifies the calculation of empirical estimates, and can display statistical information that
helps data inference. In the future, our work aims to study conditional independence testing,
and then extend it to other machine learning algorithms, such as fair learning and neural
networks.
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