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Abstract 

In this paper, by employing fixed-point index theorem on the cone, we study the 
existence of positive solutions for second-order periodic boundary value problem (BVP 
for short): )2()0(),2()0(];2,0[.a.e))(,()()(  uuuuttutfututu ===+− ，

where 


 
2

,0,0 are constants and 0  is a parameter. 

Keywords 
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1. INTRODUCTION 

Periodic boundary value problems for differential equations play a very important role in 
both theory and applications. Recently, the periodic boundary value problems of second-order 
differential equations with parameters have received much attention [1-18]. We are interested 
in the existence of positive solutions for the second-order nonlinear periodic boundary value 
problems with parameters 

 
  ];2,0[.a.e))(,()()(  =+− ttutfututu ，                    (1.1) 

 

                             (1.2) 

 

Where 


 
2

,0,0  are constants and 0   is a parameter. Here, by a positive 

solution we mean a function )(* tu which is positive on ]2,0[  and satisfies differential equation 

(1.1) and the boundary conditions (1.2). It is assumed throughout that 

( )    ) +→+ RfH ,02,0:1  is a continuous function, ( )( )
2

0
,f t u t dt



 + ,  

( )2H ,0 21 + uu ( ) ( )21 ,, utfutf  ; 

( )3H
( ),

lim
u

f t u

u→+
= + . 

2. PRELIMINARY LEMMAS 

In this section, we present some preliminary lemmas that will be used in the proofs of the 
main results. 

Lemma 2.1. If )(tr is a solution of the BVP 

)2()0(),2()0(  uuuu ==
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Then )(tr  is given by 
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Lemma 2.2. If (2.2) is a solution of the BVP(2.1), then the solution of the BVP(1.1),(1.2) is 
given by 
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0
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Lemma 2.3. BVP (2.1),(2.2) is equivalent to the following integral equation 

dssusfstGtu ))(,(),()(
2
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
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Lemma 2.4. For all  2,0, st ,we have 
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K E  is a closed cone in E. 
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Lemma 2.6.     2,02,0: CC →  is a completely continuous operator.  

Lemma 2.7.  Let E be a Banach space and K E  a closed cone in E. 

 rxKxKr = ;  and  rxKxKr == ; , 

Let : rK K → be a completely continuous operator. 

(i) ,, rKxxx  then 0),,( = KKi r ; 

(ii) ,, rKxxx  then 1),,( = KKi r . 

Lemma 2.8. Let E be a Banach space and K E  a closed cone in E. 

Assume   is open subsets of E with 0  ; Let K→ :   be a completely continuous 

operator.  Kxxx , , 1  , then 1),,( = KKi . 
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3. MAIN RESULTS 

In this section, we discuss the existence of a positive solution of BVP (1.1), (1.2).  

Theorem 3.1. If hypothesis(H1),(H2),(H3) are true, The BVP (1.1), (1.2) has at least one 
positive solution when a is sufficiently small; and has no positive solution when a is sufficiently 
large. 
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Thus u(t) is a positive solution of the boundary value problem (1.1) , (1.2).  
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u is equicontinuity.  
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By Lebesgue dominated convergence theorem, let →n we have dssusfstG ))(,(),( *
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( )tu*  is a positive solution of the boundary value problem (1.1), (1.2), and .*   

The proof is complete. 
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