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Abstract

In this paper, by employing fixed-point index theorem on the cone, we study the
existence of positive solutions for second-order periodic boundary value problem (BVP
for short): u”(t) —au'(t)+ pu = Af (t,u(t)), a.e. t<[0,27]; u(0)=u(2z), u'(0)=u'(2x)

where ¢ >0,5>0, % > /B are constantsand A >0 isa parameter.
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1. INTRODUCTION

Periodic boundary value problems for differential equations play a very important role in
both theory and applications. Recently, the periodic boundary value problems of second-order
differential equations with parameters have received much attention [1-18]. We are interested
in the existence of positive solutions for the second-order nonlinear periodic boundary value
problems with parameters

u"(t)—au'(t) + pu = Af (t,u(t)), ae. te[0,27]; (1.1)

u(0)=u(2z), u'(0)=u'(27) (1.2)

Where o >0 ,,B>O,%>\/E are constants and A>0 is a parameter. Here, by a positive

solution we mean a functionu’(t) which is positive on[0,27] and satisfies differential equation
(1.1) and the boundary conditions (1.2). It is assumed throughout that

(H,)f :[0,27]x[0,+50) = R™ is a continuous function, J.OZH f (t, u (t))dt <40,

(H,)V0<u, <u, <+, f(t,u,)< f(t,u,);

(H,) lim f(tu) — 40,

U—>+o0 u

2. PRELIMINARY LEMMAS

In this section, we present some preliminary lemmas that will be used in the proofs of the
main results.

Lemma 2.1. If r(t)is a solution of the BVP
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r'(t)—ar'(t)+ pr(t)=0, 0<t<2r ,a>0,ﬁ>0,%>\/ﬁ

r(0)=r(2x), (2.1)
r'(0)-r'(2z)=1

Then r(t) is given by

_ (1_ e27ziz )eﬂqt + (1_ eZﬁﬂ,l )e/lzt
(2, = A4)(A-e*")(1-e*™)

r(t)= (2.2)
Where

a’—4p a’—4p

(24
=—+
& 2 2

Lemma 2.2. If (2.2) is a solution of the BVP(2.1), then the solution of the BVP(1.1),(1.2) is
given by

u®) =2 " G(t,5) f (s,u(s))ds,

,and @:%—

Where
rit-—s 0<s<t<?
o<1 7
r(2r+t-s) 0<t<s<2rx
Proof.

U =4[, G(t5)f (s,u(s))ds

:zjo‘r(t—s) f (s,u(s))dswljf”r(zmt—s) f (s,u(s))ds
Then
u'(t) = A[r(0)—r(27)]+ /Ifot r'(t—s) f (s,u(s))ds + ;tj'j” r'(2z +t—s) f (s,u(s))ds

= ﬂj.ot r'(t—s) f(s,u(s))ds+ ﬂf” r'(2z +t—s) f(s,u(s))ds
u"(t) =1I;r"(t —s)f (s,u(s))dsmjf”r"(zfmt —s) f(s,u(s))ds + Af (t,u)
u"(t)—au'(t) + Su(t) = 1 j ;[r”(t —s)—ar'(t—s)+ Ar(t—s)]f (s,u(s))ds

N AJ-IZH[I,W(Zﬂ' +t—8)—ar' 2z +t—8) + fr(2z +t—s)]f (s,u(s))ds + Af (t,u) = Af(t,u) and u(t)
meets the following conditions

W) =4[, r(2z -1 (s,u(s))ds =u(2z)

uw(0) =4[ Z r'(2z —s) f (s,u(s))ds =u'(2x) .

Lemma 2.3. BVP (2.1),(2.2) is equivalent to the following integral equation

u®)=2[. G(t,5)f (s,u(s))ds,
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Where
(eZIM.Q _ 1)eﬂ,l(t—s) + (1 _ eZﬂﬂ,l )eﬂ,z (t-s)
(2, = A)(A-e)(1-e*™)
(eZHZZ _1)e/11(27r+l—s) + (1_ e27r21 )e/lz (27+t-s)
(4, - A)A-e")(1-e"™)
eﬂz(t—s) _ eﬁ,l(t—s) + eZ;rﬂﬁ/ll(t—s) (eZH(AQ—Z,l) _ e(ﬂz—ﬂl)(t—s))
(4, - A)(A-e"2)(1-e*™)
e/iz(Zzz'H—S) _ eﬁ,l(Zﬂth—s) + e27r/1,l+ﬂ,l(27r+t—s) (eZﬁ(/IZ—Zi) _ e(/LZ—Zi)(Zﬂ'th—s))
(2, = 4)A-e")(1-e"™)
Lemma 2.4. Forall t,se [O,Zﬂ],we have
(27 —t)e*™ - (1+e¥™)e*™
27k 27\ T G(t’ S) - 27k 27k
(1-e™)1-e™) (4, - A4)1-e")1-e")

0<s<t<2nr,

G(t,s) =
0<t<s<2r.

0<s<t<2r,

0<t<s<2r.

Proof. When 0<s<t<2r
21k _1)eﬂ1(t—5) + (1_ezﬂ11)eﬂz(t—5)
(4, = A4)(L-e")(1-e"™)
e/ t=8) _ gAt=s) | q27h+7(1-9) (ezz(zz—m _ euz-zﬁ)a—s))
(4, = A4)(L-e*)(1-e*™)
- ez;rﬂQMl(t—s) +elz(t—s)
(A~ A (L")
- e27rﬂz+27r/11 +e27r/12
(A - A)(A-et)(L-et™)
B eZﬁlz (1+ e27zﬂ,l)
(4, = A)(A—e*)(1-e*™)
(qu _1)621078) + (1_e2ﬂﬂq)eﬂz(t75)
(2, —A4)(L—e")(1-e"™)
elz(t—s) N eﬂi(t—s) + e27rﬂ.1+ﬂ.1(t—s) (e27[(/12—11) N e(/lz—ﬂi)(t—s))
(4, = A€ )(1—e*™)
p27h (ezmz—m _ pll-)t=s) )
(A - A)A-e)(L-e"™)
e § 2= A)) (4= ANt =5))
n=0 n! n=0 n!
- (4, = A)(L—e)(1—e"™)
, & (-2 2n—(t-s) _ e(2z-(t-s))
T (- AA-ET)A-E)  (1-e)(A-e)
e2™ (271—'[)
T (L-e¥)(1-e*)

Gt.s)= 8

G(t,s) =
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When 0<t<s<2r,
27, _1)e11(27r+t—s) + (1_ eZﬁﬂi)eﬂz (27 +t-s)

(4, — )A€ (1-e"™)

elz<2;z+t—s) _ eﬂ,l(27r+t—s> + e27r/11+/11(27r+t—s) (e2z(/12 -h) _ e(ﬂz —21)(2;r+t—s))
(4, - A)A—e*™)(1-e*™)
27 (e2ﬂ(/12—11) _ gll-ri)em+t=s) )
>
(4, = A)(L-e*)(1-e™)
o[ 50 27(2 = 2)) 0 (- A)2m+t=5))
e (nz_:; n! - HZ::; n!
= (4, — 4)A-e")(L-e*™)
L €%~ 4 )2~ (27 +1-5))
(4, = A)L-e*™)(1—e*™)
e (2r-t)-(27-5) e (2r-1)
T (1-e¥R)(1-e¥) T (1-e?™2)(1-e¥™)
_ (em2 _1)e11(27r+t—s) n (1_62”/11)61,2(27z+t—s)

(4, = A)1-e7)(1-e"")

elz(2ﬁ+t—s) _ e/11(27r+t—s) + eZﬁﬂi+Ai(2n+t—s)(e27r(iz—ﬂ1) _ e(lz —21)(27r+t—s))

G(t,s)= &

G(t,s)

(4, - A)A-e"")(1-e™)

ezﬁﬂl+ﬂi(2n+t—s)e27r(iz—ﬂi) _+_e/12(27r+t—s)
(4, —A)(A-e")1-e"™)
- e4/rﬂie2/r(/12 -4) + eZﬂlz
(- A)A-e)(L-e")
B e27rﬂ.2 (1+ e271/11)
(2, = 4)A-e"")(1-e"™)

7
By Lemma 2.4, For all te [%Tﬁ} Se [0,27r], we know

DOI: 10.6911/WSR]J.202003_6(3).0027

e 272527% 2 < G(t1 S) < (1+ 927[/: ieZle : _M
4(1-e*™)(1-e*™) (4, — A)(A—e*)(1-e*™)
Where
m_ 7xAh-4)

M4t yet e
Define the cone K by
K= {u eC[0,27]; min u (t)= o||u||}
XStST ,
ol = sup flu:u € C[0.27]; = max (o]
KcE isaclosed coneinE.
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Because K contains the origin, 0e K

uniform
convergene

vu, e K,u, »>u<u,(t) — u) u,(t)eK
u,(t) = minu, (t) > ofu,|.n —>

ut) > ofu(®)|, ut)eK

Yu,v e K,;/e[O,l]

min _u(t) > ofu] . | min _v(t) > o|v|

[+ @-p)v]it) > [mﬂipﬂ}[w + (L= yV]®) = yofu] + A= )o V]

_ ol +@= v = ofpu+ €=V

Lemma 2.5. YueK, q)(K)C K.

Proof. By Lemma2.4,we know M<G(t,s)<M, YueK,
min (@u)(©) _ min 2] G(t,9)f (s,u(s))ds

'[G[*,f tel &= 22
4 4 € 4" 4

> oA [ Glt,s)f (s.u(s))ds
> z%jz”m f (s, u(s))ds

> max jz”e(t,s)f (s,u(s))ds
Slaa
> ofaul
Therefore
O} ( K ) cK
Define the mapping,
®: C[0,27]—Cl[0,27]
(@U)®) = 2] " G(t,5) f (s,u(s))ds.
Lemma 2.6. D: C[O,Zﬂ]—)C[O,Zﬂ] is a completely continuous operator.
Lemma 2.7. Let E be a Banach space and KcE aclosed cone in E.
K, = {x e K;|x| < r} and 0K, = {x e K;|x|= r},
Let ®:K, —>Kbea completely continuous operator.
(D) [X|<]ox|, vx €K, then i(@.K,,K)=0;
(i) [X|=|®x]|¥x €K, then i(® K, K)=1.
Lemma 2.8. Let E be a Banach space and KcE aclosed cone in E.

Assume Q is open subsets of E with 0eQ; Let ®:Q — K be a completely continuous
operator. DX = i, Xxe K ﬁ@Q’ U Zl, then I((D, KnNnQ, K) =1,
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3. MAIN RESULTS

In this section, we discuss the existence of a positive solution of BVP (1.1), (1.2).

Theorem 3.1. If hypothesis(H1),(H2),(H3) are true, The BVP (1.1), (1.2) has at least one
positive solution when a is sufficiently small; and has no positive solution when a is sufficiently
large.

Proof. For Vr, >0,
rl

O, = , _ .
Let ™ Mmax [ f(s.u(s)ds ={ueKilul<n}
When A<opfor YuedK, .

We have
|ou] = max Af " G(t,5) f (5,u(s))ds < MAmax j G(t,s) f (s,u(s))ds

t02

<Mg; lrJTe]aak),f J.Oﬂ f(s,u(s))ds=r, = ”u” .

By Lemma2.7, know 1(®,K,,K)=1.

For uli%rpw@:wo,know IN > 0,when u>N,f(t,U(t))277u,and 77>27rm}t'

Let r,=N/o K, Z{UEK;”U”<I’2}’f0r VuedK,

min _u(t) > oju|=or, =N

T I
44
Therefore
MR (@D = 2 max ‘ [“es)fs u(s))ds‘

> A mln j“ G(t,s) f (s,u(s))ds

t,i
4" 4

1 Ve
> Jm[# f(s,u(s))ds = Amp[# u(s)ds
4 4

= 3
> ama [ us)ds = = ampu] > ul
4

> Mo, max [ f(s.u(spds=r, =|u|

|®u=ul, By Lemma 2.7,i(®, K, ,K) =0.
I <T,, We know by the additivity of the fixed point exponent
i(@,K, \K, ,K)=i(®,K,_,K)-i(® K, K)=-1.

The @ has at least one fixed point U inK, \ Kﬁ, and ®u=u.

u® =4[ G(t9) f (s.u(s))ds,
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Thus u(t) is a positive solution of the boundary value problem (1.1), (1.2).

For IimM=+oo,know 3¢ >0, when U>77,f(t,u(t))ZCUand uek,

U—+o0 u
rin (9 oful 21
ONTERERS ,
lu]| = tes[éJ’Br]{|u(t)| :ueClo,27]} = tg[?)§12>7<z]|u(t)|

>4 min UOZ”G(t,s)f(s,u(s))ds‘
tel E’i

> A mln j“ G(t,s) f (s,u(s))ds

4 4

> /Imcj‘,?”u(s)ds > g/‘tmﬂw”u”
1

)

So A< , it is in contradiction with knowing that 4 is sufficiently large.

3mzco

Gi) If <L,
O

Q>||u||: sup {|U(t)|ZU€C[0,27Z']} max [u(t)]

0271'

-7 mx U G(t.s)f (s, u(s))ds‘

> 2 mﬂipﬂﬂjo”e(t,s)f(s,u(s))ds‘

>4 min [7G(ts)f(s,u(s)ds

G4 a
2z
>Am jo f (s,0)ds

n
< — o - : : : .
So A< om IOZ f (s,0)ds Jitis in contradiction with knowing that A is sufficiently large.

Let A= {/1 >0, The BVP (1.1), (1.2) has at least one positive solution } the first part of theorem
3.1 proves that 4, €A,

WhenA <4, Ae A,(O,%]C A, letA =supA, we obtain
Theorem 3.2. If hypothesis(H1),(H2),(H3) are true, there are 4’ € A, thus (0, I]c A.

Proof. Let {ﬂn }:O,lis a monotone increasing sequence, and lim 4, = 4.
= N—o0

For lim M=+oo, know 3N >0,when u>N, f (t,u(t))ZUU ,2rmA.n >1.

U—+o0 u
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N
If HU%H>E'

i >ou, |
ETLQL,,UAH (t)zo|u,
47 4

Therefore
Huln H >, min i u, (s)ds>2,mn> Zmlnmnauuﬂﬂ (t)” > Huﬂn H

77 J0
47 4

So there are constants 0 < L < +oo,|U, H <L forall n. {U;m }Lis uniformly bounded.

= max A, ZHWf (s,u(s))ds

te[O,Zﬂ'] 0

A 27 )e 2r
= (4 —(ﬂq)zrl/iizz”ﬂ?))e(l_ez%) J.o f(s,u(s)ds=Q,

J-tz
4
(00

By theorem Ascoli — Arzela, {Uﬂn }

n=1

u!

u,, I, is equicontinuity.

u;ﬂ Hdt

thusu, (t)-u;, ()] <

uniform
convergene

Have uniformly convergent subsequences {Uin }::1, limu, (t) — u*(t).

u,, ()=, G(t.9) f (s.u, ()ds
By Lebesgue dominated convergence theorem, let N —> ©we have A J‘OZHG(t, s) f(s,u”(s))ds,

u*(t) is a positive solution of the boundary value problem (1.1), (1.2), and A" € A.

The proof is complete.

ACKNOWLEDGMENTS

This paper was supported by

1. National innovation and entrepreneurship project for College Students: Study on soybean
potential yield in Qigihar and Harbin regions of Heilongjiang (N0.201810223017),

2. Textbook construction research project of the China agricultural science and education
fund: Research and practice on the reform of process assessment model in linear algebra
(No.NKJ201802045).

REFERENCES
[1] Jiang, D: On the existence of positive solutions to second order periodic BVPs. Acta Math. Sci. 18, 31-
35(1998)

[2] Zhang, Z, Wang, J: On existence and multiplicity of positive solutions to periodic boundary value
problems for singular nonlinear second order differential equations. J. Math. Anal. Appl. 281, 99-
107 (2003)

[3] Torres, PJ: Existence of one-signed periodic solutions of some second-order differential equations
via a Krasnosel’skii fixed point theorem. ]. Differ. Equ. 190, 643-662 (2003)

203



World Scientific Research Journal Volume 6 Issue 3, 2020
ISSN: 2472-3703 DOI: 10.6911/WSR]J.202003_6(3).0027

[4] Zhang, Z, Wang, J: On existence and multiplicity of positive solutions to periodic boundary value
problems for singular nonlinear second order differential equations. J. Math. Anal. Appl. 281, 99-
107 (2003)

[5] Yao, Q: Positive solutions of nonlinear second-order periodic boundary value problems. Appl. Math.
Lett. 20, 583-590(2007)

[6] Fu, X, Wang, W: Periodic boundary value problems for second-order functional differential
equations. J. Inequal. Appl.2010, 11 (2010)

[7] Wang, W, Shen, ], Nieto, JJ: Periodic boundary value problems for second order functional
differential equations.]. Appl. Math. Comput. 36, 173-186 (2011)

[8] Liu, L, Hao, X, Wu, Y: Positive solutions for singular second order differential equations with integral
boundary conditions. Math. Comput. Model. 57, 836-847 (2013)

[9] Liu, L, Sun, F, Zhang, X, Wu, Y: Bifurcation analysis for a singular differential system with two
parameters via to degree theory. Nonlinear Anal., Model. Control 22(1), 31-50 (2017)

[10]Zhang, X, Liu, L, Wu, Y: Fixed point theorems for the sum of three classes of mixed monotone
operators and applications. Fixed Point Theory Appl. 2016, 49 (2016)

[11] Liu, L, Zhang, X, Jiang, ], Wu, Y: The unique solution of a class of sum mixed monotone operator
equations and its application to fractional boundary value problems. J. Nonlinear Sci. Appl. 9, 294 3-
2958 (2016)

[12]Wu, ], Zhang, X, Liu, L, Wu, Y: Twin iterative solutions for a fractional differential turbulent flow
model. Bound. Value Probl. 2016, 98 (2016)

[13]Liu, L, Zhang, X, Liu, L, Wu, Y: Iterative positive solutions for singular nonlinear fractional
differential equation with integral boundary conditions. Adv. Differ. Equ. 2016, 154 (2016)

[14] Guo, L, Liu, L, Wu, Y: Existence of positive solutions for singular higher-order fractional differential
equations with infinite-points boundary conditions. Bound. Value Probl. 2016, 114 (2016)

[15] Guo, L, Liu, L, Wu, Y: Existence of positive solutions for singular fractional differential equations
with infinite-point boundary conditions. Nonlinear Anal., Model. Control 21(5), 635-650 (2016)

[16] Guo, L, Liu, L, Wu, Y: Uniqueness of iterative positive solutions for the singular fractional differential
equations with integral boundary conditions. Bound. Value Probl. 2016, 147 (2016)

[17]]Jiang, ], Liu, L: Existence of solutions for a sequential fractional differential system with coupled
boundary conditions. Bound. Value Probl. 2016, 147 (2016)

[18]Yibo Kong,Pengyu Chen. Positive solutions for periodic boundary value problem of fractional
differential equation in Banach spaces[]]. Advances in Difference Equations,2018,2018(1).

204



