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Abstract 

The traditional sampling survey method is implemented on a single population. With the 
increase of data amount and population complexity, the disadvantages of the traditional 
sampling method become more severe, and even have a serious impact on sampling 
inference. Sampling on overlapping sub-populations, a new sampling method based on 
a combination of different sampling frames, has the advantages of complete coverage, 
low cost, high efficiency and simple operation, which can effectively solve the problems 
of traditional methods. This paper studies the sampling method from the aspects of 
population structure, sampling design, estimation process, application occasions and 
precautions, and provides some recommendations for its development. 
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1. INTRODUCTION 

The core goal of sampling technology is to obtain representative sample data at low cost and 
to infer accurate overall quantitative characteristics, which has the advantages of low cost, less 
time and simple operation. In current sampling surveys, it is generally based on a single 
population to build a sampling frame, and then implement various sampling designs and 
estimates. However, with the social and economic changes and development, the shortcomings 
of this traditional sampling method are increasingly obvious. 

Sampling based on a single population is prone to unstable sampling frame, which affects the 
representativeness of samples and the accuracy of estimation. Even by accelerating the 
frequency of updating and maintenance to complete the sampling frame, it will consume a lot 
of survey resources, which is also unrealistic and unsustainable. Therefore, the traditional 
survey method of sampling by constructing a single sampling frame has problems of data quality, 
estimation accuracy and timeliness. It has certain limitations and cannot fully meet the needs 
of the current statistical survey. 

In response to the problems in traditional sampling surveys, the survey method based on 
overlapping sub-populations sampling proposed by Hartley (1962) [1] has advantages in saving 
survey costs and improving data quality, which is in line with the development trend of 
sampling survey, and also provides a feasible direction for solving the difficult problems existing 
in the current sampling survey. 

In this paper, the sampling design and estimation of overlapping sub-populations sampling 
are studied systematically. The paper is structured as follows. In Section 2, the structure and 
general sampling process of the overlapping sub-populations sampling, as well as the 
construction and maintenance of its sampling frame are discussed. In Section 3, the existing 
estimation methods are classified and several representative estimates are introduced in detail. 
In Section 4, four applicable cases of overlapping sub-populations sampling are summarized. In 
Section 5, suggestions and some directions for future development of overlapping sub-
populations sampling are provided. Section 6 presents some conclusions. 
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2. SAMPLING DESIGN IN OVERLAPPING SUB-POPULATIONS 

2.1. Traditional Population Structure and Overlapping Sub-Populations Structure 

The common traditional sampling methods include simple random sampling, stratified 
sampling and cluster sampling. The sampling design of these methods is based on a single 
population. Even in stratified sampling, a single population is divided into multiple non-
overlapping sub-populations. From the sampling design, these sampling methods can be 
summarized as Single Population Sampling and Sub-populations Separation Sampling. The 
simplest stratified structure is shown in Figure 1. This stratified sampling divides the 
population U into two non-overlapping sub-populations UA and UB. The sampling process is 
implemented separately from these two sub-populations. 

 

 

Figure 1. Single Population Structure and Sub-populations Separation Structure 

The traditional sampling methods mentioned above rely on a comprehensive and complete 
sampling frame, but it is often difficult to obtain such a sampling frame based on a single survey 
population in the actual survey. Considering that the target population is divided into sub-
populations with overlapping parts, the sampling frame is constructed and the sampling is 
carried out independently, and then the characteristics of the target population are estimated 
through the samples. The above method is called Overlapping Sub-populations Sampling in this 
paper. 

Specifically, as shown in Figure 2: Suppose that the target population corresponding to a 
survey is denoted as U, which is composed of two sub-populations UA  and  UB , and UA ∪
UB = U, UA ∩ UB = UAB ≠ ∅ . Obviously, the difference between overlapping sub-populations 
structure and traditional population structure is whether there is overlap between sub-
populations. 

 

Figure 2. The general structure of overlapping sub-populations 

2.2. General Sampling Process 

The sampling process is shown in Figure 3. Independent sampling is conducted from UA and 
UB, and two samples of size nA and nB are respectively drawn and recorded as sA and sB. 
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The estimation of the target population U is carried out gradually through the samples. When 
sampling from UA and UB, it is allowed to flexibly use different sampling designs in two sub-
populations. For example, simple random sampling is used for UA, and stratified sampling is 
used for UB . Personalized sampling design for the sub-populations can make the sampling 
survey more efficient, and it is also conducive to the reasonable allocation of survey resources 
in the actual survey. 

 

Figure 3. General sampling process from overlapping sub-populations 

2.3. Construction and Maintenance of Sampling Frame 

A good sampling frame can reduce errors of sampling survey at the source. In traditional 
sampling, the ideal sampling frame should have the following characteristics: (1) The coverage 
is complete and updated in a timely manner, and the sampling frame corresponds exactly to the 
target population. (2) The structure is clear and easy to maintain. (3) The auxiliary information 
is complete and accurate.  

If the ideal sampling frame can be found during the sampling survey, the sampling survey can 
be carried out at low cost and high efficiency. But the reality is that it is almost impossible to get 
a perfect sampling frame, and if the survey relies on incomplete coverage and information aging 
sampling frame, the accuracy and reliability of the results will be greatly affected. Sampling on 
overlapping sub-populations is carried out through a combined sampling frame, which is a new 
sampling design that achieves a balance between survey cost and data quality. The coverage of 
single sampling frame in overlapping sub-populations sampling is not as strict as traditional 
sampling frame, but there are still many similarities between them in the construction of 
sampling frame, which can be summarized as follows: 

(1) Correspondence. Same as traditional sampling, sampling based on overlapping sub-
populations requires a corresponding sampling frame. Units outside the target population 
cannot appear in the sampling frame. 

(2) Feasibility. The sampling frame is not simply a roster of target units, but a detailed 
information sheet or a complete database, which can provide complete identification, contact, 
and classification storage materials, making the sampling survey feasible. 

(3) Reliability. Basic auxiliary information should be provided in the sampling frame, and the 
auxiliary information should be true and reliable, preferably from authoritative channels such 
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as administrative records and government investigations, to avoid adverse effects on sampling 
inference. 

(4) Reasonable maintenance cycle. After a period of time, the sampling frame will become 
aging and outdated, then the sampling frame needs to be maintained and updated regularly. If 
the update and maintenance period is too long, the quality of the sampling frame will 
deteriorate, which will directly affect the accuracy of the survey results. If the period is too short, 
frequent update and maintenance will waste a lot of resources. Therefore, in order to make the 
sampling frame sustainable, the reasonable period should be determined in combination with 
the period of statistical investigation, personnel work arrangement and survey cost, and it 
should be formulated from the perspective of long-term cost, so as to optimize the maintenance 
and update of the sampling frame. 

3. ESTIMATION IN OVERLAPPING SUB-POPULATIONS 

In the sampling technique based on overlapping sub-populations, the most complicated 
problem is how to effectively estimate the characteristics of the target population through 
sample information. 

3.1. Estimators 

The basic idea of Hartley estimation method is to divide two sub-populations into four 
domains after sampling, and then divide the sample into four sample sets according to its 
attribution domain. The total value of the target population characteristics is estimated by the 
combination of each sample set. 

The specific process of Hartley estimation is shown in Figure 3. The target population 
consisting of two sub-populations is divided into four domains, denoted as Ua, Ub, UAB and 
UBA, where Ua = ∁UB, Ub = ∁UA, UAB = UBA = UA ∩ UB. In theory, UAB and UBA represent 
the same domain, but when sampling from UA  and UB  separately, UAB  and UBA  are 
different. UAB is defined as the domain that intersects with UB in the sub-population UA, and 
UBA is defined as the domain that intersects with UA in the sub-population UB.  

Taking the sampling estimate of the total value as an example, the specific expression form of 
the Hartley estimator is: 

 

t̂H = t̂π,a
A + pt̂π,AB

A + (1 − p)t̂π,BA
B + t̂π,b

B                      (1) 

 

t̂π,a
A , t̂π,AB

A , t̂π,BA
B  and t̂π,b

B  can be summarized as a general sampling estimator t̂π,m
Q

, which 

represents the Horvitz-Thompson estimator of the value of domain UQ calculated from the 

sample set sm. t̂π,m
Q

= ∑ yk/πkk∈m , where πk is the inclusion probability of the k-th sample 

unit in UQ , Q = A , B , m = a, b, AB, BA . And p  is the weight coefficient, 0 < p < 1 . The 

variance of the Hartley estimator is given by: 

 

V(t̂H) = V(t̂π,a
A + pt̂π,AB

A )  + V[(1 − p)t̂π,BA
B + t̂π,b

B ]                (2) 

 

Minimize V(t̂H) to get the optimal weight coefficient: 

 

popt =
 V(t̂π,BA

B )+Cov(t̂π,b
B ，t̂π,BA

B )−Cov(t̂π,a
A ，t̂π,AB

A )

V(t̂π,AB
A )+V(t̂π,BA

B )
                   (3) 
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Fuller and Burmeister (1972) improved Hartley estimator by introducing the estimation of 
the size of overlapping domain[2], which takes the following expression : 

 

t̂F−B = t̂π,a
A + p1t̂π,AB

A + (1 − p1)t̂π,BA
B + t̂π,b

B + p2(N̂AB
A − N̂BA

B )          (4) 

N̂AB
A = ∑ Ik/πkk∈AB , where Ik = 1 if the k-th sample unit in UAB. Similarly, N̂BA

B = ∑ Ik/k∈BA

πk, where Ik = 1 if the k-th sample unit in UBA. N̂AB
A  and N̂BA

B  are estimates of the size of 
UAB and UBA, respectively.  

Its variance is given by: 

 

 V(t̂F−B) = V(t̂π,a
A ) +  V(t̂π,b

B ) + p1[Cov(t̂π,a
A , t̂π,AB

A ) − Cov(t̂π,b
B , t̂π,BA

B )] 

          +p2[Cov(t̂π,a
A , N̂AB

A ) − Cov(t̂π,b
B , N̂BA

B )]                     (5) 

 

Where p1 and p2 are the weight coefficient, 0 ≤ p1 ≤ 1, 0 ≤ p2 ≤ 1.The optimal weight 
coefficients can be obtained by minimizing V(t̂F−B). 

The estimations proposed by Kalton and Anderson (1986), Bankier (1986), Skinner (1991), 
Skinner and Rao (1996), Rao and Wu (2010), Ranalli et al. (2016) [3-8] can be regard as the 
single-frame estimations. The expression of single-frame estimator developed by Kalton and 
Anderson (1986) can be written as: 

 

t̂SF = ∑ wii∈sA
yi + ∑ wii∈sB

yi                        (6) 

 

Where wi = 1/πi
A  if the ith sample in sa , wi = 1/πi

B  if the ith sample in sb , and wi =

1/(πi
A + πi

B) if the ith sample in sAB. Kalton and Anderson also verified that its variance was 
smaller than the Hartley estimator. 

If the sizes of two sub-populations are known, the expression of single-frame estimator can 
be adjusted based on raking ratio estimation. (Bankier, 1986; Skinner, 1991) 

Considering the inconsistency, Skinner and Rao (1996) proposed a pseudo-maximum-
likelihood estimation: 

 

t̂PML =  N̂AB,PML (
nA

NA
N̂AB

A t̂π,AB
A +

nB

NB
N̂BA

B t̂π,BA
B ) / (

nA

NA
N̂AB

A +
nB

NB
N̂BA

B ) 

+(NA − N̂AB,PML)t̂π,a
A + (NB − N̂AB,PML)t̂π,b

B                   (7) 

 

Where N̂AB,PML  is the smallest root of equation (nA + nB)N̂AB,PML
2

− (nANB + nBNA +

naN̂AB
A + nbN̂BA

B )N̂AB,PML
2

+ nAN̂AB
A NB + nBN̂BA

B NA = 0. This estimation can be expressed as a 

linear combination of observations. Based on the pseudo-maximum-likelihood estimation, Rao 
and Wu (2010) presented the pseudo–empirical likelihood estimation for inference. Due to 
space limitations, this article only introduces some of the estimators in overlapping sub-
populations sampling. See the related article for details.  

3.2. Classification 

The existing estimation methods can be summarized into the following two categories: 

(1) Post-stratification estimator. This type of estimator needs to divide the sample according 
to the attribution of the sub-populations and whether it is in the overlapping area after 
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sampling. It is required to master the sub-populations attribution of the sample. The typical 
representative includes the Hartley estimator and F-B estimator. 

(2) Single-Frame estimator. Considering that Hartley estimator needs to classify samples 
according to their attribution, scholars have proposed methods that do not require 
reclassification of samples: The sampling process is regarded as sampling based on a single 
stratified sampling frame, and the samples are directly given different weights for estimation. 
Many estimators can be classed as a single-frame estimator, such as the estimator proposed by 
Kalton and Anderson (1986), the raking ratio estimator proposed by Skinner (1991), the PML 
estimator developed by Skinner and Rao (1996), the pseudo-empirical likelihood estimator 
proposed by Rao and Wu (2010) and the calibration estimates proposed by Ranalli et al. (2016). 
The estimator constructed based on the single-Frame idea will not become complicated with 
the increase in the number of the sampling frame, but it is necessary to know the inclusion 
probability of the samples in the overlapping region in each sub-population before sampling. 

In these two categories, the calculation process of the post-stratification estimator is easier 
because it uses limited information. And there may be coefficient inconsistency in the post-
stratification method for the case of multiple research variables. The Single-Frame estimator is 
more effective than the former but often requires more auxiliary information.  

4. APPLICABLE CASES 

Sampling based on overlapping sub-populations is a new sampling method. It cannot replace 
the position of traditional methods in sampling survey. However, in some cases, it can exert its 
unique advantages and obtain more effective investigation results under limited cost, time and 
resources. In this section, we will conclude the applicable cases of the overlapping sub-
populations sampling design: 

Firstly, the premise of the overlapping sub-populations sampling design is that the target 
population has an overlapping sub-populations structure, that is to say, the target population 
can be divided into at least two sub-populations, and the combination of the two sub-
populations can cover all target units without appearing units outside the target population. 
From the perspective of the sampling frame, there are two sampling frames with overlapping 
units, which can cover the population after combination, and no unit outside the population. 

Secondly, from the advantages of overlapping sub-populations sampling, once one of the 
following four situations occur, the sampling on overlapping sub-populations can be considered 
as a priority plan: 

(1) When a single sampling frame with complete and accurate information cannot be found 
to cover the target population, this method can be considered. When the problem of complete 
coverage cannot be solved fundamentally, the traditional sampling will produce a large 
deviation and affect the sampling inference. In this case, overlapping sub-populations sampling 
can achieve more accurate sampling estimation. One example is a business survey conducted 
by Kott and Vogel (1995) [9], which is based on the combination of a list and a geographic frame. 

(2) When it is possible to construct a single sampling frame with complete coverage but the 
costs of construction, maintenance, and updating the sampling frame are too high, overlapping 
sub-populations sampling has advantages in data quality and survey cost. If a complete and 
accurate sampling frame cannot be prepared at a limited cost, or the survey cost of preparing a 
complete sampling frame is much higher than the survey cost of using overlapping sub-
populations sampling, the latter can be considered to reduce the survey cost and save the time 
cost of preparing sampling frame. The 1998 and 1999 U.S. equine estimates is one example, it 
got the samples from the frame for the 1997 Census of Agriculture, an area frame, and a list 
frame of commercial equine operators. 
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(3) In some surveys where the accuracy and coverage of data are not important, such as 
opinion interviews, in order to improve the efficiency of the survey, overlapping sub-
populations sampling can be considered. For example, the research on Australian gambling is a 
dual frame sampling based landline and mobile telephone list (Dowling et al., 2016). 

(4) When investigating some special groups, it may be difficult to hit the target units from a 
single large population, because the size of the group is too small. In order to increase the 
probability of the target unit being investigated, sub-populations with highly concentrated 
target units can be considered. Similar applications can be found in the human 
immunodeficiency virus survey (Kalton and Anderson, 1986), independent samples were taken 
from lists of clients of sexually transmitted disease clinics, drug treatment centers, and hospitals. 

The applicable cases in this section further reflect the advantages of the overlapping sub-
populations sampling method: comprehensive coverage, cost savings, improved efficiency and 
easy operation. 

5. DISCUSSION 

5.1. Several Issues 

The basic theory of sample design and sample estimation has been addressed in the 
preceding sections. However, in the actual sampling exercise, there are still many areas that 
need attention in terms of sampling schemes design and auxiliary variable selection. 

Firstly, when the population can be divided into different combinations of sub-populations, it 
is better to choose the one made up of sub-populations with complete sampling frame. Because 
maintenance on the existing mature sampling frame can save a lot of investigation costs. And it 
is more ideal if effective auxiliary information is already attached to the sampling frame. For 
example, the most common one in overlapping sub-populations structure is the combination of 
a list and a geographic frame. Because the list frame contains detailed information, but it is 
incomplete, and the geographic sub-population generally covers more comprehensively. 

Secondly, sampling design and estimation stage are not separated in sampling survey, so it is 
necessary to consider carefully whether it is appropriate in sampling estimation when we 
choose the auxiliary variable at the sampling design stage. Moreover, in order to achieve the 
balance between cost and inferential quality, the auxiliary information with strong availability, 
authority and strong correlation with research variables is preferred. 

Thirdly, sampling design should be flexible. As mentioned earlier, one of the advantages of 
overlapping sub-populations sampling is that it can flexibly carry out different sampling designs 
for two sub-populations and extract samples through the optimal scheme. Because the sampling 
process of the two sub-populations is independent, we can also choose different auxiliary 
variables in the two sub-populations according to the actual situation. 

5.2. Extension 

For the development of overlapping sub-populations sampling, we can also improve from the 
following directions: 

Make full use of information technology to establish dynamic sampling frame database. With 
the rapid development of communication and network technology, the collection, transmission 
and processing of information are becoming convenient and fast, which provides favorable 
conditions for the timely update of sampling frame. If the key information in big data can be 
extracted and converted into an effective basis for updating and maintaining the directory frame 
in real time, for example, by capturing the information in big data to predict the changes in the 
directory frame, the accuracy and timeliness of sampling can be better guaranteed. 
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Standardize statistical standards and strictly control data quality. The compilation, 
refinement and popularization of statistical standards is a prerequisite for the authority of data, 
and formulating scientific statistical standards is the primary task. Data quality will be affected 
by internal and external factors. Therefore, for both enterprises and investigators, a complete 
supervision and management system is necessary to ensure the authenticity of the data source. 

Use information technology in the big data era to integrate information into a shared 
statistical information database. Integrating existing sample survey data with administrative 
records is the most sustainable way to efficiently obtain true and reliable auxiliary information. 
If all the administrative data and survey results can be collated and stored in a shared database 
for surveys sampling, it can not only effectively save survey costs and time, reduce the burden 
of sample survey work, but also good for data leak check and data comparison, ensuring the 
authority and uniformity of information. 

6. CONCLUSION 

This paper systematically summarizes the overlapping sub-populations sampling methods 
from sampling design and sampling estimation. Sampling methods based on overlapping sub-
populations can effectively solve practical survey problems such as incomplete coverage and 
high maintenance and update costs of the sampling frame. It has good practicability and 
promotion value. 

The sampling survey method is still dominated by traditional sampling methods today. 
However, with the rapid increase in the amount of social data and the increasing frequency of 
change, the gap between the population covered by the traditional sampling frame and the 
target population will become larger and larger, and the instability of sampling frame will 
generally exist in social surveys. If we keep sampling in traditional single population methods, 
serious sampling frame errors will occur. Sampling surveys in overlapping sub-populations 
break through the limitations of traditional sampling, and have the advantages of full coverage, 
low cost, easy implementation, and flexible use. Although it is not as common as traditional 
sampling methods, it is still a major breakthrough in the reform of statistical surveys in the era 
of big data. 
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