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Abstract 

The Hochschild cohomology of commutative coalgebra is discussed with reference to the 
research method of Hochschild cohomology in algebra. Using the definitions and 
calculation methods of Hochschild cohomology given by Y. DOi, the zero-order 
Hochschild cohomology group of bi-comodule on coalgebra is studied, we obtain the 
zero-order Hochschild cohomology group of its coalgebra. 
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1. INTRODUCTION 

Since the concept and theory of categories were put forward by MacLane and Eilenberg in 
1945, it has been used in many branches of mathematics, such as algebraic geometry, topology, 
differential geometry and function theory [1,2]. Homology group theory is an important branch 
of algebra research, it mainly studies the structure of finite dimensional algebra, the 
indecomposable representation and the construction of module categories. Coalgebra is 
defined by the dual of algebra, on the basis of the study of the module category of algebra, the 
study of the comodule category of coalgebra has important significance for discussing the 
structure and representation of coalgebra [3]. The calculation of the Hochschild homology 
group of coalgebra is more difficult. Therefore, the calculation of zero-order Hochschild 
cohomology group of two coalgebras is given below. 

2. PREPARATIVE KNOWLEDGE 

2.1. Coalgebra and Bi-comodule 

Definition 1[4] A A− coring is a coalgebra in category ( ), ,A A AM A .Specifically, a A− coring

C  is a ( ),A A − bi-module with ( ),A A − bi-module mapping :C AC C C →  , which Makes the 

following condition true: 

( ) ( )C A C C C A C Cid id   =   
 

Where, Cid is the identity mapping onC , C is called coproduct.  

Definition 2[5] Assume M  is a ( ),A A −  bi-module, M  is a right C −  comodule with right 

coaction : +
AM M C→  , and M is a leftC − comodule with left coaction : AM C M− →  . 

If M satisfies ( ) ( )C CI I   + − − + =  , then it is a ( ),C C − bi-module. 
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2.2. Hochschild Cohomology Group 

Definition 3 [6] For each integer 1n  − , let ( )nS C represent 2 -thn +（ ） tensor products of C . 

If we define the left and right comodule structure over ( )nS C as follows: 

0 1 1 0 1 1( ) ( )n n−

+ +   =    c c c c c c  

0 1 1 0 1 1( ) ( )n n n+

+ +   =    c c c c c c c  

Then ( )nS C  becomes a ( ),C C −  bi-module. Obviously, as a left eC −  comodule, ( )nS C   is 

injective. For each 0n  , by 
1

0 1 1 0 1

0

( ) ( 1) ( )
n

n i

n i n

i

d
+

+ +

=

   = −    c c c c c c

 

We define a mapping
1: ( ) ( )n n nd S C S C+→ ,and for each 1n  , by 

0 1 1 0 1 1( ) ( )n

n ns + +   =  c c c c c c  

We define a right C comodule mapping
1: ( ) ( )n n ns S C S C−→ . 

It is easy to verify that
1 1 ( 1)n n n ns d d s I n+ −+ =   .This suggests that 

0 11 0 1( ) ( ) d dC S C S C S−= ⎯⎯→ ⎯⎯→ ⎯⎯→  is the injective decomposition of C  as the left eC −

comodule. we see
0 ( )S C C C  and e opC C C=   are compatible as the right eC −comodules. 

More generally, we have
[ ]( )n e nS C C C  as a eC −comodule. For each 0n  , [ ]nC is the n-tensor 

product of C ,and  0
C k= , its differential [ ] [ 1]:n n nD N C N C + →  is defined as follows: 

1 1 1

0

( ) ( ) ( 1) ( )
n

n i

n n i n

i

D  +

=

   =   + −     v c c v c c v c c c

 
1

(0) 1 ( 1)( 1)n

n

+

−+ −    v c c v
 

Denote ( 1) (0)( ) C N −

−=   v v v , we obtain the zero-order Hochschild cohomology group, 

called 0Hoch , then 
0 ( , ) { | ( ) ( )}Hoch N C N  − +=  =α t α α . 

3. HOCHSCHILD COHOMOLOGY GROUP OF TWO COMMUTATIVE 
COALGEBRAS 

3.1. Definition 

Definition 1[7] Assume  C K x=  is a vector space over field K  ,define :C C C →   which 

makes
n i j

i j n

x x x
+ =

  , it can be verified that   satisfies the associative law, then ( ),C   is a 

K − coalgebra. we call ( ),C   polynomial coalgebra. 

Definition 2[8] Assume C is a vector space based on ,s c over field K ,define coproduction
:C C C →  which makes 

( ) =  + s s c c s
,
( ) =  − c c c s s

 

It can be verified that    satisfies conditions of coassociative law, then ( ),C   is a K −

coalgebra. we call ( ),C   triangular geometry coalgebra. 
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3.2. Theorem 

Theorem1 Assume  C K x= is a polynomial coalgebra over field K , V is a linear space, the 

linear mappings 1 2,T T   are locally nilpotent, define linear mappings :V V C + →   , 

:V C V − →  which make 

( ) 1

0

k k

k

v T v x +



=  , ( ) 2

0

k k

k

v x T v −



=  , and 1 2 2 1TT T T=  

Then 

( )0

2 1( , )Hoch V C Ker T T= −
 

Proof According to the known conditions, :V V C + →  , :V C V − →  make the following 

two formulas hold: ( ) 1

0

k k

k

v T v x +



=  , ( ) 2

0

k k

k

v x T v −



=  . 

It's easy to verify that ( ) ( )I I  + + + =   holds, so V  is a right C −  comodule. 

similarly ,we can prove that ( ) ( )I I  − − − =   holds, soV is a left C − comodule. In the 

following we verify ( ) ( )I I   + − − + =  , i.e. 

( ) ( ) ( ) ( )I v I v   + − − + = 
 

1 2 2 1

0 0 0 0

i i j j i j i j

i j i j

x T T v x x T T v x
   

   =     

( )1 2 2 1 , 0i j j iT T T T i j =  
 

1 2 2 1TT T T =
 

So ( ), ,V  + −
 is a ( ), -C C  bi-module. According to the definition of Hochschild homology, 

0 0( , )Hoch V C KerD= , and because 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0

0 1 1 0
D v v v v v t v v v t v   + + + −

− −
= −  = −  = −  , 

Thus  

( ) ( ) 0 |KerD v V t v v − +=  =
 

Where t  represents the twist of tensor product, that is to say, ( )t x y y x =  . 

By ( ) 2

0

k k

k

v x T v −



=   knowable, ( ) 2 2

0 0

k k k k

k k

t v t x T v T v x −

 

=  =   ,and 

Because ( ) 1

0

k k

k

v T v x +



=  ,thus 

( ) ( ) 2 1

0 0

k k k k

k k

t v v T v x T v x − +

 

=   =  
 

2 1 2 1 2 1 0k kT v T v T v Tv T v Tv =  =  − =  

( )2 1 0T T v − = ( )2 1v Ker T T  −
 

So 

( )0 0

2 1( , )Hoch V C KerD Ker T T= = −
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Theorem2 Assume C  is a triangular geometry coalgebra over field K ,V is a vector space 

over field K  , Assume 1 1 2 2, , ,s c s cT T T T  are linear mapping of V  to V  ,and they are 

interchangeable, simultaneously they satisfy 
2 2

1 1 1 1,s s s cT T T T= = − , 1 1 1 1 1s c c c sT T T T T = = 
 

2 2

2 2 2 2,c c c sT T T T= = − , 2 2 2 2 2s c s c sT T T T T = = 
 

Define :V V C + →  and :V C V − →  which make 

( ) ( ) ( )1 1s cT T + =  + v v c v s
,

( ) ( ) ( )2 2c sT T − =  + v c v s v
, V v  

Then the zero-order Hochschild homology group is ( ) ( )0

2 1, s cHoch V C Ker T T= − . 

4. APPLICATION EXAMPLES 

Example 1 Assume C  is triangular geometry coalgebra over field K ,V is vector space over 

field K  , Assume 1 2 3V V V V=    , 1T  is V V→  linear transformation which makes

( )1T

  
  

=
  
  
  

0 A 0 α

v A 0 0 β

0 0 0 γ

 ,

11

21

1k







 
 
 =
 
 
 

α  ,

11

21

1k







 
 
 =
 
 
 

β  ,

 
 

=  
 
 

α

v β

γ

 , 2T   is V V→   linear transformation 

Which makes ( )2

  
  
  
  
  

0 Β 0 α

v = Β 0 0 β

0 0 0 γ

,

 
 

=  
 
 

α

v β

γ

, 1 2 3, ,V V V  α β γ with 

0 0 0

0 0 0

0 0 0

0 0 0
k k

i

i

i

i


 
 
 
 =
 
 
 
 

A

,

0 0 0

0 0 0

0 0 0

0 0 0
k k

i

i

i

i


− 
 

− 
 =
 

− 
 − 

B

 

Then 1 2 2 1T T T T =   , ( )3 0, 1,2i iT T i+ = =  .Define separately :V V C + →   , :V C V − →   

which make 

( ) ( ) ( )2

1 1T T + =  − v v s v c , ( ) ( ) ( )2

2 2T T − =  − v s v c v , V v  

Then 

( )0

0 0 0 2

0 0 2 0

, | , is any column vector

0 2 0 0

2 0 0 0
k k

i

i

Hoch V C Ker

i

i


   
   

         = =        
     
      

，

α

v β α β γ 

γ

 

Example 2 Assume  C K x=   is a polynomial coalgebra over real field R  ,  ,V R x y=  , the 

linear mapping 1 2, :T T V V→  are locally nilpotent, and 1 2 2 1TT T T= .Assume f V , define linear 

mappings :V V C + →  , :V C V − →  which make 

https://www.baidu.com/link?url=dANjKVlmyi3zEiSXBCB8SyHey2XUdEHlBfLW_auXbb-hImG8Opweck0Zwd07U74cb-JXnBAMX8CMt3kh6oJhpnkvLAAPenD2XyLXmpmW2Fz9hzlJai2TgvIAPL5P4-q3&wd=&eqid=b8bc478000022b29000000025eecbde8
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( ) 1

0

k k

k

f T f x +



=  , ( ) 2

0

k k

k

f x T f −



=   

Then 

( ) ( )0

0

( , ) | , , , 0
n

n n

n

Hoch V C f V f x y a x y a R n


 
=  = +    
 


 

Proof According to theorem1, we obtain ( )0

2 1( , )Hoch V C Ker T T= − , so 

0 ( , ) |
f f

Hoch V C f V
x y

  
=  = 

    

By ( )  , ,f x y V R x y = , let ( )
0 0

, ,i j

ij ij

i j

f x y a x y a R
 

=  , we can get the partial derivatives of 

x and y: 

1

1 0

i j

ij

i j

f
i a x y

x

−

 


= 




, 

1

0 1

i j

ij

i j

f
j a x y

y

−

 


= 




 

According to 
f f

x y

 
=

 
,we obtain

1 1

0 1 1 0

i j i j

ij ij

i j i j

j a x y i a x y− −

   

 =   .Compare the coefficients 

at both ends , we have 10 01a a= , 11
20 02

2

a
a a= = , 21 12

30 03
3 3

a a
a a= = = , 31 1322

40 04
4 6 4

a aa
a a= = = = ,  

so ( ) ( ) ( )0 1,
i

if x y a a x y a x y= + + + + + + ( , 0ia R i  ), thereby 

( ) ( )0

0

( , ) | , ,
n

n n

n

Hoch V C f V f x y a x y a R


 
=  = +  
 


 

5. CONCLUSION 

In this paper, firstly we introduce the basic concepts of two coalgebras and the definition of 
Hochschild cohomology group. Secondly, the calculation of the zero-order Hochschild 
cohomology groups of polynomial coalgebra and triangular geometry coalgebra are studied. 
Finally, we apply the conclusions of the theorems to specific examples. This paper is instructive 
for continuing to study the Hochschild cohomology group of other coalgebras. 
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