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Abstract

In the conventional meshing stiffness calculation model], it is usually assumed that the
root crack exists only in the root portion of the tooth. However, during the meshing
process, the root crack extends under the meshing force, and when the root crack
extends into the base part of the gear, the meshing stiffness of the cracked tooth and the
dynamic response of the gear system are different from the case when the crack exists
only in the root part. Little research has been done to investigate the effect of the root
crack on the meshing stiffness and dynamic response when the crack extends into the
gear matrix. Therefore, an improved model for calculating the mesh stiffness of cracked
gears is proposed in this paper, in which the gear base stiffness and gear tooth stiffness
are calculated separately when the root crack is considered to extend into the gear base.
Then, the accuracy of the proposed model is verified by the finite element method ( FEM ).
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1. INTRODUCTION

Gears are an important basic component of mechanical equipment. Most major types of
mechanical equipment are driven by gears. In gearing, the meshing stiffness is the main
dynamic excitation in the gear meshing process. However, the structure of the gear train is
becoming increasingly complex, the working environment is relatively harsh, and the gear train
is prone to various failures throughout its life cycle. Among them, cracking is the most common
failure mode. Therefore, it is very important to accurately calculate the meshing stiffness of
gears containing cracks in order to accurately estimate the life of gears as well as for fault
diagnosis.

Since the middle of the last century, analytical methods have received a lot of attention
worldwide due to their high computational efficiency and acceptable agreement with finite
element results in the calculation of gear mesh stiffness. As for analytical method, the most
commonly used is the energy method. Weber[1], Cornell[2], Yang[3], Tian[4], Sainsot[5], and
Shao et al.[6] finally determined the gear stiffness as the sum of five stiffnesses including gear
body stiffness, compression stiffness, bending stiffness, shear stiffness, and Hertzian contact
stiffness by continuously refining the energy method. The calculation of the stiffness of spur
gears containing crack is basically done on the basis of the energy method. Wang et al.[7]
analyzed the dynamics of tooth crack and obtained the mesh stiffness, load sharing
performance and mesh characteristics. Chaari et al.[8] proposed the calculation model of gear
tooth peeling and fracture, and studied the mesh stiffness and dynamic characteristics caused
by gear failure. Chen et al.[6] studied the dynamic response of cracked spur gears and the
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influence of crack depth, established the mesh stiffness calculation model of modified spur
gears with tooth profile cracks, and proposed a non-uniform distribution along the tooth width.
The analytical model of the mesh stiffness of the root crack is improved on the basis of the two-
dimensional analytical formula proposed by Sainsot[5], and the influence of the root crack on
the stiffness of the gear body can be calculated. Pandya and Parey[9] used PEM and variable
crack intersection method to evaluate the total mesh stiffness, and proposed the cumulative
reduction index to evaluate the influence of gear parameters on the mesh stiffness of cylindrical
gear with cracks. Wan et al.[10] used the improved mesh stiffness to study the dynamic
response of the gear-rotor coupling system when the gear crack appeared on the gear teeth. Ma
et al.[11] studied the dynamic characteristics of gear-rotor system under the condition of tooth
cracking. The time-varying mesh stiffness of CPT and CPR gears was obtained by FE method.
The analytical formula for calculating the time-varying mesh stiffness of CPT gears was derived,
and the dynamic response of gears under crack conditions was analyzed. Chen et al.[12]
considered the reduction of wheel stiffness caused by the change of effective area between the
tooth root circle and the rim circle, and proposed the calculation formula of CPR. Liang et al.[13]
calculated the mesh stiffness of the cracked planet gear system.

Among the previous work, the changes of body stiffness caused by crack penetrating into the
gear body were not considered. In this paper, energy method and analytical finite element
method were combined to explore the effects of three different crack depths on the mesh
stiffness of gear pairs.

2. THE IMPROVED MESH STIFFNESS CALCULATION MODEL OF GEAR

2.1.The exact tooth profile parametric equation considering the machining process

The proposed stiffness calculation model of the gear is shown in Figure 1. Considering the
actual working condition of the gear, the gear is connected to the gear shaft by spline. Therefore,
in this paper, the inner hole of the gear is fixed and the energy method in material mechanics is
used to calculate the meshing stiffness of the gear. The fixed nodes are evenly distributed on the
inner holes, n (n =21k =1,23..) represents the number of fixed nodes.

Figure 1. Model of a normal gear tooth

As showen on Figure 1. Rejoin tooth center line with Y axis. The DC segment represents
the gear body, which are expressed as Eq.(1). Section CB is a dedendum transition curve,
which are expressed as Eq.(2). Section BA is an involute curve, which are expressed as Eq.(3).
Nodes fixed on the inner hole are numbered counterclockwise from the rightmost end of the
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inner hole, the node at the right end is numbered 1, so number of the leftmost nodeis n /2 +
1. F, and F, are the two perpendicular component forces of the mesh force. x, and yp
represent the x-coordinate and y-coordinate of the contact point P. xz is the x-coordinate
of the point B. x. is the x-coordinate of the point C. x is the x-coordinate of the midpoint
of any cross section. f,(i) stand for the horizontal support reaction of any fixed node, and
fy (1) stand for the vertical support reaction of any fixed node. r;,, indicates the radius of the
shaft hole, 1, and 75 refer to the radius of the base and dedendum circle.

%(7)=r, cos(7) "
Y (7)=rsin(y)
Where y represents the angle between the radial diameter of any point and the x-axis.
, acota’'+b a . , acota’+b
X, (a")=rcos —| —=+r, Jsin| &' —————
r sina r
(2)

, . (acota'+b a , acota’+b
y,(a')=rsin —| ——+r, |cos| @' ———
r sina r

Where r is the radius of the indexing circle, and the value range of the independent variable
a'is a <a'<m/2;a, b and 1, represent tool parameters.

X () = ri5|n(—+ inva —mvwij
21

T :
¥s(a;) =, cos| —+inve —inve,
21
Where 1; is the direction of any point on the involute; z is the number of teeth of the gear;
a is the pressure angle of the indexing circle; «; is the pressure angle at any position on the
involute.

2.2.The meshing stiffness of gear was calculated by energy method

The potential energy of the gear tooth can be calculated by Timoshenko beam theory. The
bending energy U, axial compressive energy U, and shear energy U stored in a tooth can
be calculated as

2 2 2
o F oy F L F
2k, 2k 2k,

a

(4)

The gear body is an important part connecting the shaft and the gear teeth. It is an elastic
body collectively. When the gear teeth are loaded, the gear body will also bear the
corresponding torque, resulting in the elastic deformation of the body. Based on Muskhelishvili
theory, Sainsot and Velex regard the gear body with shaft holes as a deformable elastic ring, and
propose a two-dimensional analytical formula to calculate the deformation of the gear body
under load. In this paper, the finite element theory and the iron mosinker beam theory are used
to divide the gear body into several elements, and then the energy method is used to calculate
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the integral formula, so as to obtain the elastic deformation stiffness of the gear matrix.
According to the finite element simulation results, the calculation results of this paper are
obviously better than those of Sainsot and Velex.

As showen on Figure 1. When the number of fixed nodes in the gear shaft hole is n, the
integral of the gear body can be divided into n/2 + 1 section. Assuming that the force of gear
meshing is unit force, the formula for calculating the stiffness of gear body can be obtained
according to Eq.(4), as shown in Egs.(5)-(7).

B = o rm‘cos[z?”{ﬂ_in sz(i) o M2
Un = 2K, = J.fin'ws[zr:[[z_'ﬂ]j 2El,, & +J.ri” F|1xdx ©)
) ), o
Uy = 2kaf - — J.rm-cos[zr:[-(f—iﬂ)] 2EA, dx +J.rm fAide (6)
L1 e 2{34)) 1.2F (i) 1.2F,
Usf = 2k5f - i:l ﬁn'COS[%(g—HlD—ZGAiX dx +J-m ZGAiX = b dx (7)

Where i is the integral on the i side; x; represents the x-coordinate of the intersection
of the dedendum transition curve and the dedendum circle, which are expressed as Eq.(8). A;x
represents the cross-sectional area at any point in the gear body, which are expressed as Eq.(9).

I, represents the moment of inertia of the section at any point in the gear body, which are
expressed as Eq.(10).

Xc =, cos(b/r) (8)

=2({JiF = - e —min(x¢. 12 Jw ©)
(\/rf \/r —mln ,,n)3jw (10)

In Eq.(5), M,(i) and M, are the moment at the midpoint of any section, which are
expressed as

Mx<i>=z:i§i§+z[fy<n(x woos{ [ 22]1- 1))}fxu)nnsin((%”j(j—lm ()

M, =Fy,-F(x,-X) (12)

In Eq.(6), F.(i) is the horizontal force used in the i*" integral, which are expressed as
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F ()= () (13)

In Eq.(7), E,(i) is the vertical force used in the i*" integral, which are expressed as

Eq.(14);G represent shear modulus, which are expressed as Eq.(15).
S\ n/2+i .
Fy(')_zn/z-i+z fy(J) (14)

G=E/[2(1+u)] (15)

The total energy stored in the gear body is the sum of the three deformation energies, which
can be expressed as

U, =U, +U, +Ug (16)

Where Uy represents the total energy of the gear fillet foundation.

According to the relationship between energy and stiffness, the stiffness of gear body can be
expressed as

K, =]/(]/kbf +1/k,; +1/Ky ) (17)

Where k; represents the fillet foundation stiffness of gear.

The deformation of tooth part is caused by meshing force, and the elastic deformation energy
is formed by superposition of transition curve part and involute part of tooth root, and the
calculation formula as

FZ2 % M?
Uy =——=[ " ——dx, + —dx (18)
2k, % 2El,, % 2El,,
2 2 2
U, = :jB K dx2+jx':—o|3 (19)

o2k, Yx 2EA, o 2EA,,

U. = F? _IxB 1.2F prle 20)

T2k, e 2GA2 s 2GA,,

Where A;, represents the cross-sectional area of the tooth at any position, A;, = 2y;w;l;,
is the moment of inertia between the tooth profile and the neutral surface of the tooth at any
position,l;, = 2y?w/3;i = 2,3 are the dedendum transition curve region and involute curve
region respectively.

For the convenience of calculation, angular coordinates are adopted to represent each
position, and the coordinates of the involute part can be expressed as
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{x3(ﬂ) t, (B, +B)sin B +cos j)
Ya(B)="1,((B, + B)cos f—sin )

(21)

Where B, is the base circle half,f, = m/2z 4+ tana — a; B represents the angle between
the meshing force and the vertical direction.

The derivative of the angles of Eqs.(21) and (2), respectively, can be expressed as

dx,=r,(B,+B)cospdg=f(B)dp (22)

r r sina’
, acota’+b [ a(cot?a’+1) a
cos| o' — +1]- r+—
r r sina

Substituting Egs.(22) and (23) into Egs.(18)-(20), the bending ,axial compressive and shear
stiffness are calculated as

. (acota'+b s . , acota’+b) [ cosa’
asin| =—2 7~ (cot a +1)+asm a — : -

dx, = da'=g(a')da’ (23)

izjf[cosﬁp(xp—x)zsmﬂp'VP] g(a')de
kbt 2 2E(0y2x
, (24)
. 3| COS B, (Xp — X)—Sin S5 - ¥,
42 [ ( 2Ea))y§X ! flaps
1 qesin®By o, hSInG B,
M—kgﬁ@;%dﬁa+kzagguﬂwﬁ (25)
i:J:1.2(1+,u)COSZ/3P g(a,)da,+jﬂp1.2(1+ﬂ)C052/3p () p 26)

k 2 Ea)sz

st A Ea)ny

When the teeth are meshing, contact deformation exists between the two teeth at the
meshing point, according to The Hertz contact theory, the contact deformation of two meshing
gear teeth is regarded as two isotropic elastic cylinders contacting at the meshing point and
deformed by extrusion. Yang and Sun used the first two terms of the square root binomial
expansion to approximate the square root and calculate the Hertz deformation.It is verified that
the accuracy of the results obtained by the approximate method is more than 99.5%.The
Hertzian contact stiffness of the tooth surface can be calculated by

TEw

K =——— 27
A=) @7)

Where E isthe elastic modulus of tooth material;u is the Poisson's ratio of tooth material;w
is the contact width of the gear. According to Eq.(27), it can be obtained that the Hertzian contact
stiffness is only related to the gear material and contact width. In spur gears, the gear contact
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width is equal to the tooth width and remains constant during the meshing process, that is, the
Hertzian contact stiffness is a constant value.

In order to ensure the continuity and smoothness of transmission motion of gear meshing,
the contact degree of gear pair must be greater than 1, that is, the meshing process of gear pair
is a process of single tooth and double tooth or even multiple pairs of teeth meshing alternately
at the same time. Firstly, it is necessary to analyze the relationship between the meshing
stiffness of a single pair of gear teeth and the stiffness of a single gear tooth.

When a single pair of gear teeth is loaded, the deformation energy is the sum of five kinds of
deformation energy, which can be expressed as

Um=Uh+Uatp+U +Ustp+Ufp+Uatg+U +Ustg+Ufg (28)

btp btg

Where, U, is the total deformation energy;U,, is the Hertz contact deformation energy; a,
b, s and f represent radial compression deformation, bending deformation, shear
deformation and gear matrix deformation respectively; p and g represent pinion and gear

respectively.

According to the relationship between stiffness and energy, the meshing stiffness of single
tooth meshing gear pair can be expressed as

k = (29)

Where, k,, represents the comprehensive meshing stiffness in single tooth meshing.

In two-tooth meshing, two pairs of meshing teeth bear loads at the same time, which can be
regarded as two pairs of teeth in series. The comprehensive meshing stiffness in two-tooth
meshing can be expressed as

1 1
I(d: 1 1 = (30)

2
1
T+TZ 1 1 1 1 1 1 1 1
+ + — + +
k. k k k.. Kk

atpi btpi stpi k fpi atgi btgi stgi k fgi
Where, k; represents the comprehensive meshing stiffness in two-tooth meshing;i = 1,2

represent the first pair and the second pair respectively.

3. MESH STIFFNESS MODEL OF A CRACKED TOOTH

By studying the distribution of the maximum principal stress near the tooth root, Kramberger
et al. found that when the Angle between the tangent line of the tooth root curve and the tooth
centerline was 30°~34°, the tensile stress at the tangent point was the maximum.
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YA

Figure 2. Model of a cracked tooth

As showen on Figure 2. Point F is the starting point of the crack; Point E is the termination
point of the crack, which can be expressed as Eq.(31); [, represents the length of the crack; 6
represents the angle between the crack and the centerline of the gear tooth;

{XE =X —I,cos(9) (1)

Ye =VYe _IcSin(e)
3.1.The gear body stiffness

According to the position of the crack tip point, it can be divided into the following two cases:
Casel When x5 < x¢

izf[f H ) de]+fELazdx+fC "o (32)

Ky | COS(ZT”(E‘MD EAL EA = EA,,
R JHHACOS[Z(E_iD —sz(i)dx + XE—sz(i)dx+ XCMXZ(i)dx (33)
Koy | T COS(T‘(E‘M]] El o Bl e Ely,
122 pnood Z{24)] 1.2F2(i) w12R?  rel.2R?
= = n d b b
k. ; J‘ﬁn.co{?{giﬂn GA, X +Ln GA. X+ LE T X (34)

Case2 When x; > x.
1 2 .hycos 2?” n; |:X2 i Faz
k_:ZU' [ _%_D —()de+IXC—dx (35)

1 =Z( j(UJ de} [ M) g (36)

181



World Scientific Research Journal Volume 8 Issue 12,2022
ISSN: 2472-3703 DOI: 10.6911/WSR].202212_8(12).0020

1 rm‘cos[%ﬂ.(g_ij] 1.2F (i) ’ x 1.2F? g 37
Kg 3 r‘”'ws(zTﬁ{g_”l]] Chx ' +J.rm CAu X !

3.2.The stiffness of root transition curve part

According to the position of the crack tip point, it can be divided into the following four cases:
Casel When x; < x; and yg < yz

Xg in?
Lo e gy, (38)
I(a2 e EA2X2
. 2
% | €OS B (X, —X)—sin 3, -
i=j [0S B, (%o —X)—=sin B, - ¥, | o, (39
Ky, % El,,,
x 1.2(1 2
= (L+#)00S" f g (40)
ksZ X EAZXZ ’
Case2 When x; < x; and yg >y
02 02
i:J-xG sin® 3, dX2+J-BS|n Bo dx, (41)
ka2 e EA2X2 % EAle

i:rc [ cos B, (X, —X)—sin 3, - yPT | COS B (X —X) —Sin 3, - yPT "
X

dx 42
ka Y E|2x2 ’ +I EI2><1 ’ ( )
2 2
izjxel.2(1+ 14)COs ,BPdX2+J-xsl.2(l+ 14)COS ﬁ"dxz (43)
ksz X EA2x2 Xe EAle
Case3 When x; > x; and y; < yp
X in? Xg in2
L _pesin’/ dx2+j sin_f dx, (44)
ka2 X EAle Xe EAZXZ
1 _J.XE [cos,BP(xP—x)—sin,Bp-yP]2 i o [ [cosﬂp(xp—x)—sinﬂp-ypj2
= = X+ dx,  (45)
kb2 e El,y Xe El,,,
2 2
ki:IxEl.Z(lﬂz)cos ﬂpdxz+jx31.2(1+y)cos ﬂpdxz (46)

2 X EAz x1 Xe EAzxz

Case4 When x; > x; and ygp > yp
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1 IXEl 2(1+ u)cos? ﬂpd ,[XGl 2(1+ u)cos* ﬂpd Ixal 2(1+ u)cos? ,de (49)

ksZ

e EAv e EA, EA

3.3.The stiffness of involute part

According to the position of the crack tip point, it can be divided into the following three cases:
Casel When y; >y

1 % sin’ 3,
— dx, (50)
ka3 J-XB EA&xl

1 :J.xp [cosﬂ,,(x,,—x)—sinﬂ,,-yp]2 " 51)

kb3 X EI3x1

1 jxPl 2(1+ u)cos? ﬂpd

(52)
kg 7 EA
Case2 When y, < yg <yg,and yg > yp
A2 A2
i:J-xG sin” 3, dx3+j »SIN° f, dx, (53)
ka3 e EA3x2 % EAsxl
. 2 . 2
1 XG[COS/BP(XP_X)_SmIBP'yP] Xp I:COSﬂP(XP_X)_SmIBP'yP]
—= J. dx; + J. dx, (54)
Koz El;,, e Elsy
w1.2(1 co »1.2(1 co
i J‘ ( +/J) S ﬂpd J. ( +lu) S IBPd (55)
ksS e EASXZ Yo EA’le
Case3 When yp <y, or(y, <yrg <yp and yg <yp)
1 x SIN
k_ . E e dx, (56)
a3 = EA,,
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. 2
1 % | €0S A (X, —X)—sin S, -
:J‘ [ ﬂp( P ) B YP] dx, (57)
kb3 "8 Elaxz
1 % 1.2(1+ 1)cos®
k—:j (+4) Pe g, (58)

s3 e EASXZ

In Egs.(38)-(58). Ajyj is the cross-sectional area at any section, which can be expressed as
Eq.(59); Iix; is the moment of inertia at any section, which can be expressed as Eq.(60).

A = 2y, j=1 (59)
K (yi+yE)a) j=2
%y?w j=1
Iixj: 1 (60)

_(yi+yE)3a) j=2
12

4. STIFFNESS CALCULATION AND VERIFICATION

At present, the loaded tooth contact analysis method, analytical method, FEM and analytical-
finite element method are the main calculation methods of the gear mesh stiffness, in which the
calculation results of FEM are relatively accurate and widely used. Since other scholars have not
studied the extension of tooth root crack to gear body, the feasibility of the proposed model is
verified by FEM. The main parameters of spur gear pair are shown in Table 1, and the crack
propagation angle, crack depth and percentage crack depth are presented in Table 2.

Table 1. Parameters of the gear dynamic model

Parameter Pinion Gear
Teeth number 23 31
Module (mm) 2.5 2.5
Teeth width (mm) 25 25
Pressure angle (°) 20 20
Poisson’s ratio 0.3 0.3
Young modulus E (N/m?) 2.07x 1011 2.07x 1011

Table 2. Crack parameters

Crack case Crack propagation angle y(°) Crack depth [.(mm)
#1 30 1.0
#2 30 1.8
#3 30 2.6

In order to verify the analytical model developed in this study, the mesh stiffness calculated
by the finite element method (FEM) is used for comparison. Figure 5 displays the two-
dimensional finite element model of a cracked pinion. In order to improve the calculation
accuracy, the mesh around the contact region and the crack are refined. The radial
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displacements of the inner ring nodes of the gear are constrained. According to the meshing
process of the gear, the load is successively applied to the nodes on the involute from the tooth

root to the tooth top, and the displacement of the meshing point is obtained. The stiffness of the
gear at the meshing point is obtained according to k = F/x.

ANSYS
R19.0

-

Figure 3. Two-dimensional FE model of the pinion with a crack

In the process of gear transmission, because the pinion bear higher speed and torque, so the
crack often appears in the pinion.According to the data in Table 1 and Table 2, the proposed
method is compared with FEM, and the results are shown in Figure 4-Figure 6.

"""" -, --4-—-FEM
Propose | 1

Stiffness(N/m)
E (] [e)}

(98]
T

0 5 10 15 20 25
Angel(°)

Figure 4. Comparison between the improved method and FEM with crack case #1
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Angel(°)

Figure 5. Comparison between the improved method and FEM with crack case #2

-4-FEM |
"""" . Propose

Stiffness(N/m)
N

0 5 10 15 20 25
Angel(°)

Figure 6. Comparison between the improved method and FEM with crack case #3

As can be seen from Figure 4-Figure 6, the method proposed in this paper is very close to the
FEM result, which also proves the feasibility of the method proposed in this paper.In order to
more clearly see the influence of different crack depths on gear meshing stiffness, this paper
presents Figure 7-Figure 8 according to the relationship of gear transmission.

,><108
3

Stiffness(N/m)

Normal Tradtional
Normal Propose

Crack Imm
L6r Crack 1.8mm N
Crack 2.6mm

S
o
w
=+

15 20 25
Angel(°)

Figure 7. Comparison of single tooth meshing stiffness with different crack depths
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Normal Propose —_—
R Crack lmm _\
25r Crack 1.8mm N b
Crack 2.6mm
2O ; 1I0 1I5 ZIO ZIS
Angel(°)

Figure 8. Comparison of comprehensive meshing stiffness at different crack depths

As can be seen from Figure 7-Figure 8, with the increase of crack depth, both single tooth
meshing stiffness and double tooth meshing stiffness decreased to different degrees, and the
mutation was more drastic in the area where single and double teeth alternated.

5. CONCLUSION

In this paper, an analytical model of mesh stiffness of spur gears with crack extends into the
gear body is presented. By comparing with FEM, the accuracy of the developed analysis method
is verified, and the effect of crack length is analyzed. The proposed analytical model can provide
relatively accurate mesh stiffness for spur gear with cracks by considering the deformation of
the gear body. The presence of cracks makes the mesh stiffness of crack teeth decrease during
the complete rotation. The mesh stiffness of crack teeth decreases with the increase of crack
length.
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