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Abstract

Recently, the fractional derivative with nonsingular and nonlocal kernels in the sense of
Caputo and Riemann-Liouville, called Atangana-Baleanu fractional derivatives, had been
extensively applied in various fields. And to approximate the fractional derivative more
efficiently, a new numerical method based on Lagrange polynomial interpolation was
proposed. In this paper, the Atangana-Baleanu fractional derivative was applied to a
tumor growth model with strong Allee effect. The approximate solution was obtained
through the new numerical method and plotted.
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1. INTRODUCTION

Fractional derivative is an extension of integer derivative. With the intensive research of
fractional derivative, it has been found to be a powerful tool to solve complex practical problems
with memorability, heredity and nonlocality and has been widely used in many fields such as
physics, engineering, finance and economics, and biology [1-7]. There are many forms of
fractional differential operators, such as Riemann-Liouville, Caputo, Riesz, Weyl, etc. [8-11].
These differential operators which are all related in some way have their own specific features
and properties. Different appropriate representations are usually given depending on the angle
of the question being studied. New fractional differential operators are constantly being
explored and used to describe real phenomena. In 2016, Atangana and Baleanu promoted a new
definition of fractional order differential with non-singular and nonlocal kernel [12]. The
Laplace transform and fractional order integral corresponding to the newly promoted
differential were also given. There were many methods for numerically solving fractional order
differential equations, such as difference method [16], prediction correction method [17] and
Adomian decomposition method [18]. In order to solve nonlinear and nonautonomous
fractional derivative equations with the Atangana-Baleanu derivative more efficiently, a new
numerical method which involves the Lagrange interpolating polynomial was proposed [13].

Fractional order differentiation is an important tool for medical research. Tumor is a genetic
disease with many complex characteristics such as spread, metastasis, and mutation. Therefore,
in the literatures of recent years, fractional orders have been introduced in tumor models and
then kinetic studies have been carried out. In 2012, Rihan and Fathalla proposed a fractional-
order cancer model to obtain a stable memory state of the immune system [19]. In 2014, Bolton
etal [20] presented the fractional-order Gompertz model. The investigation results showed that
the 0.68-order fractional Gompertz model was more in line with their experimental datas set
than the well-known ordinary Gompertz model. In 2018, Celik et al [21] proposed the Caputo-
Fabrizio fractional order cancer tumor model and explored the uniqueness and existence of its
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solution. In 2020, Carlos et al [22] carried out numerical simulations in the form of fractional
and integer orders on the five classical tumor growth models, and the results showed that the
fractional order models had better performance. In 2022, Khajanchi etal [15] described a tumor
growth model with Allee effects using the Caputo-Fabrizio fractional order and acquired the
implicit form of the analytical solution. Inspired by the above literatures and recognizing the
paucity of literature on the use of Atangana-Baleanu fractional derivatives for modeling tumor
growth, in this article the Atangana-Baleanu fractional order in the sence of Caputo was
considered to describe a tumor model from [15]. The approximate solutions was obtained by
using Lagrange interpolating polynomial.

This paper is structured as follows: in Section 2, the definitions and properties associated
with the Atangana-Baleanu-Caputo (ABC) fractional order differentiation are reviewed; in
Section 3, the tumor model depicted in the Atangana-Baleanu-Caputo fractional order is solved;
and the last section is a brief summary.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties of ABC derivative. And the
fractional tumor model that is investigated in next section is introduced. The Sobolev space of
order one is defined by

H(a,b) = {u € L'(a,b):u’ € L*(a,b)}.
2.1.The ABC fractional derivative

Definition 2.1.1[12]. The Atangana-Baleanu fractional derivative of order « € [0,1) in
Caputo sense of the function f(t) € H(a,b) is defined as follows

ABEDF(£) = T2 [ Eq[—Uu(t — x)%1f"(x)dx, (21.1)

where N(a) is anormalization function obeying N(0) = N(1) =1,U, = % and E,(t) =
YroT——— T (k D is the Mittag-Leffler function of parameter «a.

Definition 2.1.2[12]. The extended fractional integral operator corresponding to “4B{D is
defined by

ABEIF () = ——f(t )+——f (t =D f(Ddr. (2.1.2)

N( ) N(a) T'(a)

Theorem 2.1.1[14]. Let f(t) € H'(a,b),a € [0,1),8 > 0, there are the following properties
by extending the Newton-Leibniz formula

ABL(PEDA(®) = f(B) — f(a), (2.1.3)
ABED (PRI = f(B) — f(a). (2.1.4)

2.2.The tumor model

The following form of tumor models with strong Allee effects from [15] is explored in this
paper
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L =ar (1 - %) (T = ¢). (2.2.1)

We suppose that the growth of tumor cells is slowed down owing to nutrient deficiency and
that the original population size of the tumor is T(0) =T, = 0. Among them, 1 and k
represent the intrinsic growth rate and the maximum carrying capacity of the tumor cells,
respectively. The parameter ¢ > 0 represents the strong Allee threshold. Affected by the Allee
effect, the growth of cell populations decreases at low densities, which is related to the visibility
threshold size of that population. The long-term persistence of populations is potentially
altered. Notice that for T € [0,k], T isincreasingwhen T > ¢, T is decreasingwhen T < c.

Fractional order differentiation now has good practical uses in various fields such as
medicine, biology and physics, solving many complex real-world problems. This provides a
good mathematical foundation for solving the corresponding problems. There are many forms
of fractional differential operators. Depending on the characteristics of the tumor, we choose
the Atangana-Baleanu-Caputo fractional order operator to apply to the tumor model (2.2.1) and
then obtain the following fractional order differential equation to be solved next

ABCDT(¢) = AT (1 _ %) (T — o), (2.2.2)

where a € (0,1),485D represents the Atangana-Baleanu-Caputo fractional derivative.

3. NUMERICAL SOLUTION

In this section, we solve the fractional order equation (2.2.2) with a new numerical method
based on Lagrange interpolation polynomials. And the results of different fractional orders are
shown by the image.

For convenience, let q(t,T(t)) = AT (1 - %) (T — c), then the equation (2.2.2) is simplified
as

ABEDT (1) = q(¢, T(1)).

Integrating both sides of above equation yields

ABLI(APEDT)(8) = #PEIq(e, T (1))
From equation (2.1.3) and equation (2.1.2), we can obtain

1-
PO~ 1O =y a6 T@) + s [ (6= D 1@
Let t, =nh, h =t; —t;_y,n € N. The initial value T(0) =T, = 0. We can get
1 tn+t
T(tna) = To + )q(tn,T(tn))+ N( )F( 3], (=D T @),
which leads to
T(tnsn) = To + 3o q(tn T(6)) + o Tl [ (b = D@ T@)dT. (3.1)

Then using the Lagrange polynomial interpolation, within the interval [t;_4,t;], function
q(t,T(t)) canbe approximated as

CII(T) = it Q(tuT(t )) - —Q(tt 1'T(tl 1))

l
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_q(t, T () q(ti—1, T(ti-1))
=—(T—tj_1) — (t—t)
b —ti—1 b — ti—1
q(t ,Ti) q(ti—1, Ti—1)
—— (T —t) ——————= (T — 1.
ti ti—1 b —ti—1

Therefore, bringing the above approximation into the equation (3.1) yields the following
equation

— a(tuTy) rti -
T(tns1) = To + N( )q(tan(tn)) + @@Z ( S e — DTN (@ — g )dT -

ti—1Ti- 2
AT [ (= )7 (0 — t)d). (32)

Through the fundamental theorem of integration, we can obtain

tiv1
f (tner — DF(T — 1 )dx
t

i

m+1-D*n+24+a—-i)—n—D*n+24+2a—1)

ala+1) ’

(n+1—1)“+1—(n—t)“(n+1+a—1)
ala+1)

= potl

Live
| -0t — wdr = nen
ti
For convenient, let
Xeit=m+1-Dn+2+a—-i)—m—D*n+2+2a—1),
Xpiz=m+1 =0 —(m-D%(n+1+a-1).
Replacing them to eq. (3.2), we can get the solution in the form as

T(tn+1) q(tn;T(tn))+ Z(q(tuT)Xall q(tl 1 l 1)Xa12)

L1
T N@

The normalization function is taken as follows

N( ) +2)

N(a)—l—a-i—r( 5

We assign appropriate values to all parameters and take different o values to sketch the
solutions of the proposed model (2.2.2). The initial value of the tumor cell group is taken as
T, = 0.5mg/L. The remaining parameter values are taken as A=1, k=1, c=0.25. We assign the
Atangana-Baleanu-Caputo fractional orders of o = 1, 0.85,0.75 and 0.65. And when a =1, it
is the ordinary integer order differential equation. The numerical solutions are sketched in
Figure 1.

Allee pointed out that swarming is good for population growth and survival, but excessive
sparseness and overcrowding can prevent growth and have negative effects on reproduction.
As can be seen from Figures 1, the number of cells starts to grow faster and then slowly,
eventually reaching a stable level. The solution of the integer-order equation is higher than the
solution of the fractional order equation in the later stages, which means that the higher the
fractional order, the higher the tumor cell content. In addition, it is found that the solution under
the Atangana-Baleanu-Caputo fractional order changes quickly at the beginning and is relatively
gently later.
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Figure 1. Numerical solutions of the Atangana-Baleanu-Caputo fractional tumor model.

CONCLUSION

In this paper, the solution of the tumor growth model with Allee effect with Atanga-Baleanu-

Caputo derivative is studied. This derivative has a nonlocal and nonsingular kernel which can
effectively describe various processes in the best way. The numerical solution of the model is
obtained by the Lagrange polynomial and the fundamental theorem of fractional calculus. And
the solutions under different fractional orders are compared intuitively through image. We can
find a curve that best fits the actual data by changing the number of fractional orders. This
feature is not achievable with integer-order differential equations. This lays the groundwork for
exploring the potential impact of the Allee effect in tumor cell populations.
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